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Abstract

A phylogeneticnetworkis a generalization of a phylogenetictree,allowing structural propertiesthat are not tree-like.
With the growth of genomicdata, much of which doesnot fit ideal tree models,there is greater needto understandthe
algorithmicsandcombinatoricsof phylogeneticnetworks[17, 18]. However, to date,very little hasbeenpublishedon this,
with thenotableexceptionof thepaperby Wanget al.[21]. Otherrelatedpapersinclude[9, 10,12,20, 19].

Wang et al. [21] studiedthe problemof constructinga phylogeneticnetworkfor a setof � binary sequencesderived
from the all-0 ancestral sequence,wheneach site in the sequencecan mutatefrom 0 to 1 at mostoncein the network,
and recombinationbetweensequencesis allowed. They gavea polynomial-timealgorithmthat wasintendedto determine
whetherthesequencescouldbederivedon such a phylogeneticnetworkwhere the recombinationcyclesare nodedisjoint.
In thispaper, wecall such a phylogeneticnetworka “galled-tree”. Thatwork is seminalin focusingon galled-trees,andfor
its assertionthat reconstructionof such networkscan be donein polynomialtime. Unfortunately, thealgorithm in [21] is
incompleteanddoesnot constitutea necessarytestfor theexistenceof a galled-treefor thedata.

In this paper, we completelysolvethe problemof determiningwhethera setof binary sequencescan be derivedon a
galled-tree. By more deeplyanalyzingthecombinatorialconstraintson cycle-disjointphylogeneticnetworks,weobtainan
efficientalgorithmthat is guaranteedto bebotha necessaryandsufficienttestfor theexistenceof a galled-treefor thedata.
If there is a galled-tree,the algorithm constructsonewhich is optimal,minimizingthe numberof recombinationsoverall
phylogeneticnetworksfor thedata (usingthe all-0 ancestral sequence),evenphylogeneticnetworksthat are not restricted
to begalled-trees,andevenif their recombinationeventsallow multiple-crossoverrecombinations.Wealsoprovethatwhen
there is a galled-treefor the data, the galled-treeminimizingthe numberof recombinationsis “essentiallyunique”, with
only limited modificationspermitted.We alsonotetwo additionalresults:first, anysetof sequencesthat canbederivedon
a galled treecanbederivedon a true tree(without recombinationcycles),where at mostoneback mutationis allowedper
site; second,the site compatibility problem(which is NP-hard in general) can be solvedin polynomialtime for any setof
sequencesthat canbederivedon a galledtree.

Thecombinatorialconstraints wedevelopapply (for themostpart) to node-disjointcyclesin any phylogeneticnetwork
(not just galled-trees),and can be usedfor exampleto provethat a givensite cannotbe on a node-disjointcycle in any
phylogeneticnetwork. Perhapsmore importantthan the specificresultsaboutgalled-trees,we introducean approach that
canbeusedto studyrecombinationin phylogeneticnetworksthatgo beyondgalled-trees.

Thispapergreatly extendsthe conferenceversionthat appearsin [7]. PowerPoint slidesof the conferencetalk can be
foundat [6].

1 Intr oduction to phylogeneticnetworks and galled-trees

A phylogeneticnetworkis ageneralizationof aphylogenetictree,allowingstructuralpropertiesthatarenottree-like.With
thegrowthof genomicdata,muchof whichdoesnotfit idealtreemodels,andtheincreasingappreciationof thegenomicrole
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of suchphenomenaasrecombination,recurrentandbackmutation,horizontalgenetransfer, geneconversion,andmobile
geneticelements,thereis greaterneedto understandthealgorithmicsandcombinatoricsof phylogeneticnetworks[17, 18].
Recombinationis particularlyimportant,becauseit is thekey elementneededfor techniquesthatarewidely hopedto locate
genesinfluencinggeneticdiseases.Thekey to locatingthesegenesis to understandandusethepatternsof recombinationin
thegenetic“experiments”doneby natureandhistory. However, to date,very little hasbeenpublishedon thecombinatorial
structureof phylogeneticnetworks,with thenotableexceptionof thepaperby Wangetal.[21]. Otherrelatedpapersinclude
[9, 10,12,20, 19].

1.1 Formal definition of a phylogeneticnetwork

Therearefive componentsneededto specifya phylogeneticnetwork:a directedacyclic graph(no directedcycles,but the
underlyingundirectedgraphcanhave cycles); an assignmentof mutationsor sites(integers)to edges;an assignmentof a
sequenceto eachnon-recombinationnode;aspecificationof aprefix-sequenceandasuffix-sequencefor eachrecombination
node;andanassignmentof a recombinationpoint anda recombinantsequenceto eachrecombinationnode.We will define
eachof thesecomponentsin turn. SeeFigure1 for anexampleof aphylogeneticnetwork.

Definition: An �������
	 -phylogeneticnetwork � is built onadirectedacyclic graphcontainingexactlyonenode(theroot)
with no incomingedges,a setof internalnodesthathave both incomingandandoutgoingedges,andexactly � nodes(the
leaves)with no outgoingedges.Eachnodeotherthanthe root haseitheroneor two incomingedges.A node � with two
incomingedgesis calleda “recombination”node.

Eachinteger(site)from 1 to � is assignedto exactly oneedgein � , but for simplicity of exposition,noneareassignedto
any edgeenteringa recombinationnode.It is alsopossiblethatotheredgeswill receive no integerassignment.We usethe
terms“column” and“site” interchangeably.

Eachnodein � is labeledby an � -lengthbinary sequence,startingwith the root nodewhich is labeledwith the all-0
sequence.Since � is acyclic, thenodesin � canbetopologicallysortedinto a list, whereevery nodeoccursin thelist only
after its parent(s).Usingthat list, we canconstructively definethesequencesthatlabel thenon-rootnodes,in orderof their
appearancein thelist, asfollows:

a) For a non-recombinationnode 
 , let � bethesingleedgecominginto 
 . Thesequencelabeling 
 is obtained
from thesequencelabeling 
 ’sparentby changingfrom 0 to 1 thevalueatposition � , for every integer � assigned
to edge� . Thiscorrespondsto a mutationat site � occurringon edge� .
b) Eachrecombinationnode � is associatedwith aninteger ��� (denoted� , when � is clearby context) between
2 and � inclusive, calledthe “recombinationpoint” for � . For the recombinationat node � , oneof the two
sequenceslabeling the parentsof � must be designated� and the other designated� . Then the sequence
labeling � consistsof thefirst ������� charactersof � , followedby the last ����������� charactersof � . Hence
� contributesaPrefixand � contributesa Suffix to � ’ssequence.Theresultingsequencethatlabels � is calleda
“recombinantsequence”.

Thesequenceslabelingthe leavesof � aretheextantsequences,i.e., thesequencesthatcanbeobserved. In this paper,
theancestralsequence(at the root of the phylogeneticnetwork)is alwaysthe all-0 sequence,andall resultsarerelative to
thatassumption.Wewill sometimesrestatethis for emphasis.

Definition 1.1 An ����� �!	 -phylogeneticnetwork � derives(or explains)a setof � sequences" if andonly if each sequence
in " labelsexactlyoneof theleavesof � .

What we have definedhereasa phylogeneticnetworkis often referredto asan “ancestralrecombinationgraph” in the
populationgeneticsliterature(see[16] for a typicalexample).

Thebiological interpretationof a phylogeneticnetwork � thatderives " is that � is a possiblehistoryof theevolution
of the sequencesin " , underthe assumptionsthat thereis a single, known ancestralsequence(assumedto be all-0 for
convenience);thatfor any sitein thesequencesthereis exactlyonepoint in thehistory(recordedonanedge)wherethatstate
of that site mutates(dueto a point-mutation) from 0 to 1; andthat two sequencesarepermittedto recombinein an equal-
crossoverevent.Recombinationsoccuratarecombination#nodeandthisdistinguishesachangeof statedueto recombination
from a changeof statedueto mutation.With thesedefinitions,a classicperfectphylogeny is a phylogeneticnetworkwhich
is topologicallya directed,rootedtree,i.e., lackingany cyclesin theunderlying(undirected)graph.
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Figure 1. A phylogenetic network � with two recombination nodes. The matrix of sequences " that
are derived by � is shown at the right. Note that the node with sequence label 01100 is sequence � for
the left recombination node, and is sequence � for the right recombination node . The recombination
points are 3 and 4 for the left and right recombination nodes respectivel y, and are written just above
the recombination nodes . In this example, every label of an interior node also labels a leaf, but that
is not a general proper ty of phylogenetic networks.
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Figure 2. A galled-tree deriving the same sequences as the phylogenetic network in Figure 1. Unlike
the example shown here, in general the recombinant sequence exiting a gall may be on a path that
reaches another gall.
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It is importantto notethatwhenrecombinationis allowed,theorderof thesitesin thesequencesconstrainthepossible
outcomesof arecombinationevent,andsothegivenorderof thesitesin asequenceis acritical featureof aprobleminstance.
This is in contrastto the classicperfectphylogeny problem,andto recentwork on perfectphylogenieswith hybridization
[15], wheretheorderof thecharactersdoesnotmatter.

Interestin phylogeneticnetworkscomespartly from a desireto reconstructtheevolutionaryhistoryundera modelthatis
morebiologically completethantheperfectphylogeny model. But therealsomoreappliedusesof phylogeneticnetworks.
For example,in a populationof “unrelated”individuals,we wantto determinewhich partsof theindividualsgenomescame
from a commonancestor. This determinationhelpslocateregions in the genomeassociatedwith genescontributing to an
observabletrait (for example,a disease).Recombinationin the populationis key to this determination,andunderstanding
thehistoryof therecombinationsis thekey to doingthiskind of mapping.

Motivationfor binarysequencescomesfrom a numberof sources,but thestrongestcurrentmotivationcomesfrom data
whereeachsite is a singleSNP(singlenucleotidepolymorphism),i.e., a site wheretwo of the four possiblenucleotides
appearin thepopulationwith a frequency above somesetthreshold.

1.2 Which PhylogeneticNetworks are Biologically Informative?

It is easyto show thatfor everybinarymatrix " , thereis aphylogeneticnetwork � thatderives " using $%���&�
	 recombi-
nationnodes,but thatis notof greatinterestbecausein mostevolutionaryhistoriesthenumberof observablerecombinations
is thoughtto be relatively small. Hencea morebiologically informative problemis to find, for input " , a phylogenetic
networkthatderives " , andthateitherhassomebiologically-motivatedstructure,or usestheminimumnumberof recom-
binations,over all phylogeneticnetworkswith all-0 ancestralsequence.We call thatnumber�%' . Wanget al. [21] showed
that thegeneralproblemof computing �(' is NP-hard,andHudsonandKaplan[11], Myers andGriffiths [14], andSong
andHein [19] givecombinatorialmethodsfor computinglower-boundson �(' .

1.2.1 Galled-trees:A biological and algorithmically motivated structural restriction

Given the NP-hardnessof the problemof computing � ' , Wanget al. suggesteda structuralrestrictionon the permitted
phylogeneticnetworkswhichhasbothbiologicalandalgorithmicappeal.

Definition 1.2 In a phylogeneticnetwork � , let ) bea nodethat hastwo pathsout of it that meetat a recombinationnode
� . Thosetwo pathstogetherdefinea “r ecombinationcycle” * . Node ) is calledthe “coalescentnode” of * , and � is the
recombinationnodeof * .

Definition 1.3 A recombinationcyclein a phylogeneticnetworkthat sharesno nodeswith anyotherrecombinationcycleis
calleda “gall” (imaginea wasp’s gall in a tree). We saya site � “is on” or “appears” on a gall * if � labelsoneof the
edgesof * . When� appearson * , wealsosaythat ” * contains� ”. Weusetheterm“r ecombinationcycle” for phylogenetic
networks.

Definition 1.4 A phylogeneticnetworkis calleda “galled-tree” if everyrecombinationcycleis a gall. SeeFigure 2.

Galled-TreeProblem: Givena set " of � binarysequences,eachof length � , determineif thereexistsa galled-tree+
thatderives " , andif thereis one,constructone.

Wanget al. [21] give an $(���&�,���.-/	 -time algorithmthat wasintendedto solve the Galled-TreeProblem. This work
is seminalasit is thefirst paperto introducea biologically motivatedstructuralrestrictionfor a phylogeneticnetworkthat
allowsa polynomialtime algorithm.Unfortunately, thealgorithmin [21] is incorrect,andonly providesa sufficient testfor
theexistenceof a galled-treefor " .

1.3 Main results

In this paperwe develop a fasteralgorithm ( $(���&�0�1�.2/	 -time) that completelysolves the Galled-Tree Problem. In
particular, thealgorithmproducesa galled-treeof aparticularform, calleda “reducedgalled-tree”.

Wewill show thatif thereis agalled-treefor " , thenthereis a reducedgalled-treefor " , andthatevery reducedgalled-
treefor " usesexactly � ' gallsandrecombinations.Moreover, whenthereis agalled-treefor " , evenif multiple-crossover
eventsareallowedat eachrecombinationevent,thereis no phylogeneticnetworkthatderives " usingfewer recombination
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events.We show thatreducedgalled-treesare“essentially-unique”,allowing only easilycharacterizedvariation.Thusif the
sequencesdid derivehistoricallyona galled-tree,thealgorithmwill correctlycapturetheessentialfeaturesof thathistory.

Thealgorithmcanbeusedto countandrepresentall thereducedgalled-treesfor " , andto produceeachoneefficiently.
We alsoshow that if " canbe derived on a galled-tree,thenit canbe derived on a true tree(without underlyingcycles)
with at mostonebackmutationpersite,andthat theproblemof removing theminimumnumberof sitesof " , so that the
remainingsiteshave a perfectphylogeny (anNP-hardproblemin general)canbesolvedin polynomialtime.

In obtainingtheseresults,we developcombinatorialconstraintsthatapplyto gallsin any phylogeneticnetwork(whether
a galled-treeor not). This is usefulasa first stepin understandingphylogeneticnetworksin general,andfor specifictasks,
suchasproving thata givensitecannotbe on any gall in any phylogeneticnetwork. Someof thesegeneralconstraintsare
morefully examinedin [8].

1.4 Motivation for Galled-Trees

Thereareseveralreasonsfor interestin galled-trees.A galled-treedefinesaphylogenetichistorywheretherecombination
cyclesarenode-disjoint,usinga modestnumberof recombinations,at most �!354 . A phylogeneticnetworkis likely to be
a galled-treeif the level of recombinationis moderate,or if mostof the observablerecombinationsarerecent. In Human
populations,both conditionsarebelieved to hold. Otherexamplesof galled-treesarisein the datareportedin [13]. The
simplestsituationis thecaseof an interval in thegenomewhereonly a singlerecombinationhasoccurred.In thatcase,the
truehistoryof thesequencesin thatinterval takestheform of a galled-tree,andour algorithmwill correctlyreconstructthe
essentialfeaturesof thathistory. More generally, it is important(in diseaseassociationstudies,for example)to find regions
of thegenomewherethesubsequencesin a populationexhibit moderaterecombination,andthegalled-treealgorithmcanbe
usedto find suchregions.

Furthermotivationfor galled-treescomesfrom the fact that if " canbederivedon a galled-tree,thenit canbederived
on a truetree(no underlyingundirectedcycles)with at mostonebackmutationpersite. A treewith limited backmutations
is anothermodelof interestthat deviatesfrom the perfectphylogeny model. But perhapsthe mostcompellingmotivation
for galled-treescomesfrom the main resultsin this paper, namelythat whena set of sequences" can be derived on a
galled-tree,anefficient algorithmwill find sucha galled-tree,andthegalled-treeconstructedusestheminimumnumberof
recombinationsover any phylogeneticnetworkfor " (with the all-0 ancestralsequence),even phylogeneticnetworksthat
allow multiple-crossover eventsat eachrecombinationnode. Hence,galled-treesprovide the only known non-trivial case
whereoptimal (with respectto thenumberof recombinations)phylogeneticnetworkscanbeefficiently constructedfrom a
setof sequences.

2 Combinatorial definitions and observations

Weorganize" into amatrix,whereeachrow containsasequencein " , andassumethereareno duplicatecolumns,and
thateachcolumnhasat leastoneentrythatis 1.

2.1 Combinatorial Background and Major Combinatorial Tool

Definition 2.1 Two columns(or sites)in " are said to “conflict” if and only if the two columnscontainthreerowswith
the pairs 1,1; 0,1; and 1,0. A site is called “conflicted” if it is involvedin at leastoneconflict, and is otherwisecalled
“unconflicted”.

Recall that a perfectphylogeny is a phylogeneticnetworkwithout recombinations.Hence,asa graph,it is a directed
rootedtree.Thefollowing is theclassicnecessaryandsufficient conditionfor theexistenceof a perfectphylogeny deriving
a setof sequences" . See[3, 4] for oneexposition.

Theorem 2.1 There is a perfectphylogenyderiving " if andonly if matrix " containsno conflictedsites.Further, if there
is a perfectphylogenyfor " andall columnsof " are distinct, thenthere is a uniqueperfectphylogenyfor " , andeach
edgeis labeledby at mostonesite. If there are identical columnsthenthe perfectphylogenyis uniqueup to any ordering
givento multiplesitesthat label thesameedge.

Henceit is theexistenceof conflictsin " that requirea deviation from theperfectphylogeny model,andin this paper,
requirerecombinationsin orderto derive a history of " . We will show thatwhenthereis a galled-treefor " , thereis a
galledtreeof a particularform, asfollows:
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Definition 2.2 A galled-treeis called “r educedgalled-tree” if everygall containsat leastoneconflictedpair of sites,and
containsno unconflictedsites.

Major Tool: The Conflict Graph and its ConnectedComponents

Thecentraltechnicalcontributionof thispaperis to observethatthereis combinatorialstructurein thepatternof conflicts
betweencolumns,andthatthisstructurecanberepresentedandexploitedto obtaininsightsaboutrecombinationin phyloge-
neticnetworks.We now introducetheconflictgraph, whichrepresentsandexposessomeof thecombinatorialstructure.

Definition 2.3 Theconflictgraph 6 containsonenodefor each sitein " . Welabel each nodeof 6 by thesiteit represents.
Two nodes� and 7 are connectedbyan undirectededgeif andonly if sites � and 7 conflict.SeeFigure 2.

Overview: The connectedcomponentsof 6 reveal importantstructuralinformationaboutgalled-trees.We will show
thatthereis aone-onecorrespondencebetweenthenon-trivial connectedcomponentsof 6 andthegallsin a reducedgalled-
tree.Moregenerally, every gall in any phylogeneticnetworkthatcontainssomeconflictedsites,containsall thesitesof one
non-trivial connectedcomponent,andcontainsnositesfrom anothernon-trivial connectedcomponent.Further, no gall need
containany unconflictedsites.It followsthatevery reducedgalled-treefor " (if thereis a galled-treeofr " ) usesthesame
numberof galls,andthesamenumberof recombinations.We will show that this numberis �(' , theminimumnumberof
recombinationsneededby any phylogeneticnetworkthatderives " , andhastheall-0 ancestralsequence.

2.2 Combinatorial Constraints on Galls

In orderto prove theclaimsmadein theoverview, we begin anexaminationof thecombinatorialconstraintson gallsand
galled-trees.

Definition 2.4 If a node 8 is reachablefroma node9 via a directedpath,then9 is an ancestorof 8 , and 8 is a descendantof
9 .

Lemma 2.1 Let * bea gall in a phylogeneticnetwork � , andassumethat * containsa site � . Let 
 bea nodeon * and
define�;: asthesubnetworkof � consistingof all nodesandedgesreachableby directedpathsfrom 
 , not usinganyedges
in * . That is, �;: is themaximalsubnetworkof � branching off of * at 
 . Thenthestate(0 or 1) of site � at everynodein
�;: is thesameasat node 
 .

Proof Supposethatat somenodein �<: , thestateof � is differentthanit is at 
 . Let �=: besucha nodewith theproperty
thatat every ancestorof �>: in �;: , thestateof � is thesameasat node 
 . Since � only mutatesonce,andnot on anedgein
�;: , thestateof � cannotchangein �;: dueto mutation,andcanthereforeonly changedueto recombination.Hence,�>: must
bea recombinationnode.Now if bothparentsof �>: werein �;: , thenby thechoiceof �>: , thestateof � atbothparentswould
bethesameasthestateat 
 , andthatstatewouldbeunchangedat �=: regardlessof wheretherecombinationpoint ���@? is. So
oneof theparentsof � : , call it 9 , mustbeoutsideof � : . By definitionof � : and � : , all pathsfrom therootof � to � : either
avoid 
 , or gothroughtheedgeon * outof 
 . In thefirst case,let A bethelastancestorof 
 onthatpath.Thenthepathfrom
A to �>: thatgoesthrough9 , togetherwith thepathfrom A to �>: through
 (and �<: ) form a recombinationcycle thatsharesan
edgewith * . In thesecondcase,let A bethechild of 
 on * . Thenthepathfrom 
 to �=: in �<: togetherwith thepathfrom 

to �=: through A form a recombinationcycle thatsharesanedgewith * . Both contradicttheassumptionthat * is a gall, and
sothestateof site � at every nodein �<: mustbethesameasatnode 
 . B

In asimilar way, we canprove

Lemma 2.2 If a site mutateson a directededge ��
=��
C:�	 that is not on any gall, thenthe stateof � is thesameat any node
reachablefrom 
 : .
Definition 2.5 Let D be a setof siteson a gall * , and let the matrix "E��DF	 be matrix " restrictedto thesitesin D . Let
"E��DF	G�IH denotethesequencesin "E��DF	 that are unequalto theall-0 sequence. Givena phylogeneticnetwork � for " ,
let �.J=��DF	 denotethesequencelabelingnode 
 in � , restrictedto thesitesin D .

Notethat "E��DF	K�LH equals"E��DM	 if theall-0 sequenceis not in "E��DM	 . Lemma2.1impliesthefollowing
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Corollary 2.1 For thecoalescentnode ) of * , �.NO��DF	 is the all-0 sequence. A sequenceis in "E��DM	P�QH if andonly if it
is the sequence� J ��DM	 for somenode 
QRS ) on * . Stateddifferently, the nodelabelsof the non-coalescentnodeson * ,
restrictedto sitesin D , are exactlythesequencesin "E��DF	K�LH .

Proof Clearly, �.NO��DF	 is the all-0 sequence,sinceno siteson D mutateon the path(s)from the root of � to ) . The
sequencesin "E��DF	 arethesequenceslabelingthe leavesof � , restrictedto D . If a leaf T is reachablefrom a node 
 in * ,
notusinganedgein * , thenby Lemma2.1, �.U=��DF	 and �.JV��DM	 arethesame.If leaf T is not reachablefrom any node 
 in * ,
thenit musthave state0 for every site � thatmutateson * . In thatcase�.U=��DF	 is all zeros.B

Corollary2.1 is importantbecauseit saysthatinformationaboutthenodelabelson a gall is reflectedin thesequencesat
the leaves,andhencethat informationis containedin extant sequences.This is a propertyof galls thatdoesnot generalize
to every non-gallrecombinationcycle, andis intuitively oneof thereasonswhy problemsconcerninggallsandgalled-trees
have efficient solutions.

Definition 2.6 A node 
 on a recombinationcycle * is calleda “br anching node” if there is a directededge ��
=��
C:W	 where

C: is not on * . Theedge��
=��
C:W	 is calleda “br anching edge”.

Thefollowing theoremis thetechnicalkey to mostof theanalysisof thecombinatorialstructureof galled-trees.

Theorem 2.2 Let + bea galled-treefor matrix " . Twosites � and 7YXZ� in " conflictif andonly if thefollowingconditions
hold:

a) � and 7 aretogetheron thesamegall (call it * ) in + , with recombinationnode � , and ��[\� �Y] 7 .

b) Sites � and 7 arearrayedon * in oneof thefollowing threeways(seeFigure3):

W1: Site � is onthe � -sideand7 is onthe � -sideof * , andthereis abranchingnodebetween� and � , andabranchingnode
between7 and � . Note: In this case,the �^�_7 state-pairin therecombinantsequenceis 1,1.

W2: Sites� and7 arebothonthe � -sidewith 7 above � (i.e., 7 mutatesbefore � does),andthereis abranchingnodebetween
7 and � , anda branchingnodebetween� and � . In thiscasethe �`�a7 state-pairin therecombinantsequenceis 1,0.

W3: Sites � and 7 arebothon the � -sidewith � above 7 , andthereis a branchingnodebetween� and 7 , anda branching
nodebetween7 and � . Thestate-pairin thiscaseis 0,1.

Proof of Theorem 2.2 We first establishthenecessarydirection,i.e., startingwith the assumptionthat � and 7 conflict
in " . We prove a generalfact, namelythat if � and 7 conflict and � is a phylogeneticnetworkfor " (not necessarilya
galled-tree),then � and 7 mustbetogetheron somerecombinationcycle in � . Thatfact,specializedto galled-trees,implies
thefirst claim in thenecessarydirectionof parta). Theproof is by contradiction.

Supposethesites � and 7 arenot togetheron somerecombinationcycle in � . This couldeitherbe becausethey areon
separaterecombinationcycles,or becauseoneor bothareonedgesoutsideof any recombinationcycle. Let usremove all the
sitesfrom � exceptfor � and 7 . Certainly, theresultingphylogeneticnetworkderivesthesequences" , restrictedto thetwo
sites � and 7 . Now contractany edge� unless� is labeledwith � or 7 , or � is on a recombinationcycle thatcontainseither �
or 7 . Theresultingnetwork �;: againcorrectlyderivesthesequencesof " , restrictedto sites � and 7 . Network �;: is either
a perfectphylogeny (if it containsno recombinationcycles),or it is a phylogeneticnetworkwith recombination,whereeach
recombinationcycle containsexactly onemutation,either � or 7 .

If �;: containsrecombinationcycles,we furthermodify it. Suppose� is on a recombinationcycle * with recombination
node � . If the stateof � is 0 at � (throughrecombination),thenwe remove the edgeinto � on the sideof * that � is on.
If the stateof � is 1 at � , thenwe remove the edgeinto � that is on the sideoppositethe sidethat � is on. In eithercase,
the result is a networkwith onefewer recombinationcycleswhoseleavesarelabeledexactly asin �;: . Continueto apply
this transformation(for � or 7 ) to any remainingrecombinationcycle in �;: , until thereare no remainingrecombination
cycles.Theresultis a perfectphylogeny which correctlyderivesthesequencesin " , restrictedto sites � and 7 . But aperfect
phylogeny exists for a setof sitesif andonly if no pair of thosesitesconflict. This implies that � and 7 do not conflict, a
contradiction.Hence,� and7 mustbetogetheronsomerecombinationcycle in � . Specializedto thecasewhen " is derived
on a galled-tree+ , sites � and 7 mustbetogetheron onegall of + . This provesthefirst claim in thenecessarydirectionof
parta).
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Figure 3. The three cases for Theorem 2.2. In each case, the recombination point � � is between � and
7bX�� .

Let � be the recombinationpoint of gall * . We will show that �%[c� ] 7 is forced. First, by Corollary 2.1 and the
assumptionthat � and 7 conflict, andthe fact (just established)that � and 7 aretogetheron somegall * , it follows thatall
threeof the required ���`�a75	 state-pairsmustoccurat branchingnodesof * . It also follows that the ���`�a75	 state-pairat the
recombinationnode � of * mustbedifferentfrom the ���`�_7d	 state-pairsatany othernodeon * , for thosenodescanonly have
state-pairs0,0andtwo of thethreepairs0,1;1,0;and1,1,since� and7 eachonly mutateonce.Now supposefor contradiction
that �e[f7g[�� . If � and 7 arebothon the � -sideof * , thenthe ���`�a75	 state-pairat � will be �`�5�h�/	 which alreadyoccursat
somebranchingnodeabove � . If bothareonthe � -side,thenthestate-pairat � will be0,0. If � and 7 areondifferentsidesof
* , thenat � , thestate-pairwill beidenticalto whatit is at thelastnodeonthe � -side,above � . In all cases,thestate-pairat �
will beidenticalto somestate-pairatadifferentnodeon * , contradictingtheassumptionthat � and 7 conflict. Theargument
for when � and 7 arelargerthan � is symmetric.Henceit mustbethat �G[�� ] 7 . This completestheproof of thenecessary
directionfor parta).

Now weprovethenecessarydirectionfor partb). Sincesites� and7 conflict,theremustbethreesequencesin " , onewith
���`�a75	 state-pair0,1;onewith pair 1,0; andonewith pair 1,1. We establishedabove thateachof thesethree ���`�_7d	 state-pairs
mustappearin a sequencelabelingsomenodeon * . Sowe considerhow thesepairscouldbeplacedon * . If both � and 7
areon the � -sideof * , and � appearsbefore7 , thenthenodesotherthan � will havethe ���^�_7d	 state-pairs1,0or 1,1,andnode
� will alsohave pair 1,0,so thepair 0,1will bemissing.Similarly, if � and 7 bothappearon the � -side,then � mustappear
above 7 , or elsethepair1,0will bemissing.If � and7 appearondifferentsides,with 7 onthe � -side,and � onthe � -side,then
state-pairs0,1 and1,0 will appearon nodesof * , but pair 1,1 will be missing.Hencetheonly possibilitiesfor therelative
placementof mutations� and 7 aretheonesgivenin statementsi1�5��i�4 and i�j . To finish proving thenecessarysideof b)
we needto establishthatthebranchingnodeson * mustbeasclaimedin statementsi1�5��i�4 and i�j . Considerstatement
i1� . If theclaimedbranchingnodebetween7 andtherecombinationnode � is missing,thenno edgeout of * would pass
on the ���^�_7d	 state-pair0,1,andsoby Corollary2.1,no leaf sequencewouldhave thatpair, contradictingtheassumptionthat
�^�_7 conflict. Similarly if thereis no branchingnodebetween� and � , thenthepair 1,0would not appearat any leaf. Hence
thebranchingnodesclaimedin statementi1� mustexist. Theproofsfor statementsi�4 and i�j aresimilar, andleft to the
reader. This concludestheproofof thenecessarysideof b).

To prove thesufficient directionof thetheorem,assume� and 7 aretogetheron somegall * with recombinationnode � ,
where �k[���� ] 7 , and � and 7 arearrayedin oneof thethreewaysenumeratedin statementb). Note(by inspection)thatin
eachof the relative placementsof � and 7 enumeratedby i1�5��i�4 and i�j , all three ���^�_75	 state-pairs0,1; 1,0; and1,1 are
foundat nodeson * . Then,with thespecifiedbranchingedgesoff of * , andCorollary2.1,eachof thesepairsis foundat a
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leafof + , andhencein somesequencein " . Therefore,no matterwhetherthe ���`�a75	 configurationis asgivenin i1�5��i�4 or
i�j , sites � and 7 will conflict in " . B

Notethatin all cases,the �`�_7 state-pairat � differsfrom the �`�a7 state-pairatevery othernodeon * .
In thecaseof phylogeneticnetworks(notnecessarilygalled-trees),partsof Theorem2.2continueto hold.

Theorem 2.3 Let � be a phylogeneticnetworkfor " . Supposesites � and 7fXl� are togetheron somegall * (with
recombinationnode � ) in � . Thensites � and 7 conflict if andonly if �k[m��� ] 7 , andoneof theconditionsW1,W2or W3
hold.

We will not useTheorem2.3 in this paper, and leave the proof to the reader. A deeperanalysisof galls in general
phylogeneticnetworksis developedin [8].

The algorithmin [21] is only a sufficient test for the existenceof a galled-treethat derives " , becauseit (implicitly)
assumesthatapairof sitescanconflictonly dueto arrangementW1. Equivalently, thealgorithmin [21] correctlydetermines
whetheror not theinput sequencescanbederivedona galled-tree+ having thefollowing addedconstraint:for eachsite � , if
site � mutateson anedge� , thenthestateof � remainssetat1 atall nodeswhicharereachablefrom theendof � . Henceonce
thestateof � mutatesfrom 0 to 1, it never returnsto 0, eventhroughtheactionof recombination.That is a severerestriction
comparedto whatis allowedby thegeneraldefinitionof agalled-tree.In thegalled-treein Figure2, thestateof site4 mutates
from 0 to 1, but thenis returnedto 0 throughrecombinationin thegall shown on theleft.

Wenow developthetheoremsleadingto theone-onecorrespondencebetweenconnectedcomponentsin theconflictgraph
for " andthegallsin a galled-treefor " .

Theorem 2.4 For anynon-trivial connectedcomponentD of theconflictgraph,andanygalledtree + for " , all thesitesin
D mustoccurtogetheron a singlegall in + .

Proof This followsby transitivity from thenecessarydirectionof parta)of Theorem2.2,andthefact thatfor any pair of
sites � and 7 in D , theremustbea pathconnecting� to 7 in D . B

Thefollowing theoremis thecomplementto Theorem2.4.

Theorem 2.5 Let + bea galled-treefor " . If sites � and �n: are ondifferentnon-trivial connectedcomponentsof theconflict
graph,thenthey mustappearon differentgallsof + .

Weprove Theorem2.5by usingthefollowing lemma,which is of interestin its own right.

Lemma 2.3 Let * be a gall in + with recombinationnode � , and recombinationpoint � , and let �^��� : �_7d�_7 : be siteson * ,
where � conflictswith 7bX\� and �W: conflictswith 7@:&X\�n: . Theneither � conflictswith 7C: , or �W: conflictswith 7 .

Proof First,by Theorem2.2,parta) �`� �n: mustbothbesmallerthantherecombinationpoint � of * , and 75�_7@: mustbothbe
greateror equalto � .

UsingTheorem2.2,we considerthe threewaysthat � and 7 canbearrayedon * . In eachcasewe will show thateither
�W:a�_7 mustconflict,or �^�_7@: mustconflict.

Case1) Sites � and 7 are arrayedas in W1, so site � is on the P-side,andsite 7 is on the S-sideof * , andthereis a
branchingnodebelow each,but above � . Sites�W: and 7@: conflict,sonomatterwherethey areon * , theremustbeabranching
nodebelow � : andonebelow 7 : , but above � . Now to avoid conflict with 7 , site � : mustbeon the � -sideof * . But thento
createconflict between�n: and 7C: , site 7@: mustalsobeon the � -side. Thatputs � on the � -sideand 7C: on the � -side,with a
branchingnodebelow each,andhenceby thesufficientdirectionof Theorem2.2caseW1, sites � and 7C: mustconflict.

Case2) Sites � and7 arearrayedasin W2, so � and7 arebothonthe � -side,with 7 above � , andthereis abranchingnode
betweenthem.Since7C: conflictswith �n: , theremustbea branchingnodebelow 7C: . Hence,by Theorem2.2,to avoid conflict
with � , site 7@: mustbeon theP-side,eitherbelow � , or above � but below thebranchingnodebetween7 and � . Eitherway, 7C:
mustbebelow 7 on the � -side.But thenby Theorem2.2,because�n: and 7@: conflict, site �n: mustbeon theP-sidebelow 7C: ,
andtheremustbea branchingnodebelow �n: . Therefore,7 and �n: arearrayedon * asin caseW2, andhenceby Theorem2.2
they conflict.

Case3) Sites � and 7 arearrayedasin W3, sobothareon theon the � -side,with � above 7 , andthereis a branchingnode
betweenthem.Since �W: conflictswith 7@: , theremustbea branchingnodebelow �n: . Hence,by Theorem2.2,to avoid conflict
with 7 , site �n: mustbeon theS-side,eitherbelow 7 , or above 7 but below thebranchingnodebetween� and 7 . Eitherway,
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� : mustbebelow � on the � -side.But thenby Theorem2.2,because� : and 7 : conflict,site 7 : mustbeon theS-sidebelow � : ,
andtheremustbea branchingnodebelow 7@: . Therefore,� and 7@: arearrayedon * asin caseW3, andhencethey conflict. B

Lemma2.3canbegeneralizedto thecasewherenoancestralsequencehasbeenspecifiedin advance.Thishasbeendone
(independently)in Proposition1 in [19].

Proof of Theorem 2.5: Let � and 7oXp� be a conflicting pair of siteson onenon-trivial connectedcomponent,and �n:
and 7C:qX��n: bea conflictingpair of siteson anothernon-trivial connectedcomponent.If thesefour sitesareall togetheron a
singlegall * , thenwith respectto therecombinationpoint � of thatgall, � and �W: arebelow � , and 7 and 7@: areeachequalto
or above � . Soby Lemma2.3,either � conflictswith 7@: or �n: conflictswith 7 . But thatcontradictstheassumptionthat � and 7
areon a differentconnectedcomponentof theconflict graphthanare � : and 7 : . Hence� and 7 areon onegall and � : and 7 :
areon another. But by Theorem2.4,all sitesonthesameconnectedcomponentaretogetheron asinglegall, soany two sites
on two differentconnectedcomponentsareon differentgalls. B

Theorems2.4and2.5togetherimply

Theorem 2.6 In anygalled-tree + for " , there is a one-onecorrespondencebetweenthenon-trivial connectedcomponents
of theconflictgraphandthegalls in + containingconflictedsites.Each such gall in + containsall thesitesof onenon-trivial
connectedcomponent(dueto Theorem2.4), andcontainsno sitesfroma differentnon-trivial connectedcomponent(dueto
Theorem2.5).

Theorem2.6 is crucial for theefficiency andoptimality of thealgorithmto constructgalled-trees,whenpossible.It also
leadsto thefollowing

Theorem 2.7 If theconflictgraphfor " has r non-trivial connectedcomponents,andthere is a galled-treefor " , thenany
galled-treethat minimizesthe numberof recombinations(over all galled-trees)usesexactly r recombinations.Moreover,
anygalled-treefor " where each gall containssomeconflictedsites,usesexactly r recombinations.

Proof Let + bea galled-treefor " . If thereis a gall * in + thatonly containsunconflictedsites,thesequenceslabeling
thenodeson * canbederivedonaperfectphylogeny wheretherootof thephylogeny is thesequencelabelingthecoalescent
nodeof * . Replacing* with theperfectphylogeny resultsin a galled-treefor " thatusesonefewer recombinationsthan
+ . Hencein any galled-treeusingtheminimumnumberof recombinations,every gall containsat leastoneconflictingpair
of sites.Therefore,thenumberof gallsis exactly thenumberof non-trivial connectedcomponentsin theconflict graph. B

Theorems2.4and2.5generalizeto phylogeneticnetworksasfollows.

Theorem 2.8 Let � bea phylogeneticnetworkfor sequences" . Everygall (if there is one)in � that containsconflicted
sitescontainsall thesitesof onenon-trivial connectedcomponentof theconflictgraph,andcontainsno sitesfromanother
non-trivial connectedcomponent.

3 Arranging the gall s
Theone-onecorrespondencebetweennon-trivial connectedcomponentandgallsin areducedgalled-treegreatlysimplifies

the taskof creatinga galled-treefor " . We canfocus independentlyon eachnon-trivial connectedcomponentD of the
conflict graph,to determinehow thesiteson thatcomponentarearrayedon thegall * , andhow to selecttherecombination
point for * . In this sectionweshow how to efficiently accomplishthesetasks.

3.1 Selectingthe recombinationpoint � on *
Lemma 3.1 If there is a galled-treefor " , thenevery non-trivial connectedcomponentD of the conflict graph mustbe
bipartite, and thebipartition is unique: the (indicesof the)siteson onesideof thebipartite graphmustbestrictly smaller
thanthesiteson theotherside.

Proof All thesiteson D mustmutateon a singlegall * , and * hasonly a singlerecombinationpoint � . By Theorem
2.2a), �t[�� ] 7 for any conflictingpair �`�a7 in D where �t[Q7 . Therefore,eachedgein D connectsonesitewhoseindex is
below � andonesitewhoseindex is ator above � . B

Constructively, it is easyto find thebipartitiondescribedin Lemma3.1: let 9 bethelargest(by index) nodein D which is
connectedonly to largernodesin D , andlet 8 bethesmallestnodein D which is connectedonly to smallernodes.Thenall
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thesiteswith index 9 or lessareononesideof thebipartitegraph,andall thesiteswith index 8 or largerareontheotherside
of thegraph.Moreover, therecombinationpoint � for thegall associatedwith theconnectedcomponentD , canbechosento
beany point in theinterval u 9��f�5��8�v .
Definition 3.1 Theinterval u 9F�w�5��8�v is calledthe“r ecombinationinterval” of D .

Lemma3.1 givesa necessaryconditionthat canbe usedto prove that certainsetsof sequencescannotbe derived on a
galled-tree.For example,seeFigures4 and5.
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a: 00010

e: 01100

10100
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S
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a: 00010
b: 10010
c: 00100
d: 10100
e: 01100
f:  01101
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10010

b:10010 3
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f: 01101
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g: 00001

Figure 4. The phylogenetic network derives the sequences " shown to the right. Although this
network is similar to the one shown in Figure 1, and onl y sequence x is different, " cannot be
derived on a galled-tree . See Figure 5.

a: 00010
b: 10010
c: 00100
d: 10100
e: 01100
f:  01101

M

Conflict Graph for M

1    2    3    4    5

g:  00001

Figure 5. The conflict graph of the sequences " from Figure 4 is bipar tite, and the bipar tition is
unique, but it does not have the required proper ties stated in Lemma 3.1.

By a muchmoredetailedanalysisof thecombinatorialstructureof galls, in [8], we prove a strongerresultthanLemma
3.1:
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Theorem 3.1 Let � bean arbitrary phylogeneticnetworkfor " . Thesitesin a connectedcomponentD canappearon a
gall in � only if D is a bipartitegraphwith thebipartition describedin Lemma3.1,and D is a bi-convexgraph.A bipartite
graph is bi-convex if thenodesof thegraphcanberenumbered sothat for anynode 
 , thesetof nodesthat 
 is adjacentto
form a contiguousinterval in thenew nodenumbers.

This is averyuseful,generaltheoremsinceit allowsusto identify moreconnectedcomponentswhosesitescannotappear
onagall in any phylogeneticnetwork.Onecandetermineif agraphwith � nodesis bi-convex in $(���!y/	 timeandalsofind a
minimumnodecoverof abi-convex graphin $(���!y/	 time [2]. Weconjecturethata lineartimeboundis obtainable.It is easy
to seethat theminimumnumberof columnsto remove from " so thatno conflictsremain,is givenby theminimumnode
cover of theconflictgraph.This is calledthe“site consistency” problem,andit is NP-hardin general[1]. However, thenode
cover problemcanbesolvedin polynomialtime (by networkflow) on any bipartitegraph.Sowhenthereis a galled-treefor
" , the site-consistency problemcanbesolved by networkflow in polynomialtime, andeven fasterby exploiting the fact
thateachconnectedcomponentmustbebi-convex.

3.2 Arranging the sitesof D on *
Wenow describehow to arrangethesitesof D on a gall * . Corollary2.1will bea centraltool.
To understandthemethodfor arrangingthesitesona gall, considera fixedgalled-tree+ for " , andfocuson thearrange-

mentof sitesof D on gall * in isolationof therestof + . Now remove therecombinationnode � from * , andthetwo edges
entering� Theresultinggraphconsistsof oneor two directedpathsstartingatthecoalescentnodeof * , andcontainingall the
sitesin D . If it only containsonepath,thendenotethecoalescentnodeas A , andthesingleendnodeas z ; otherwiselet z and
A bethetwo endnodesof thetwo paths.For eachnode 
 otherthanthecoalescentnode,addanedgefrom 
 branchingoff of
* , andlabelits leaf endwith �.J=��DF	 . Theresultis a perfectphylogeny, denoted+F��*F	 , thatof course,derivesthesequences
labelingthe leavesof +F��*F	 . Further, �.�V��DF	 canbe formedby a recombinationof the sequences�.{&��DM	 and �.|=��DM	 at the
recombinationpoint � determinedfrom D .

Now by Corollary2.1,theleaf labelsof +F��*F	 , restrictedto thesitesin D , areexactly thesequencesin "E��DF	 , otherthan
thesequence�.�.��DF	 . Thatis, tree +F��*F	 , with sitesrestrictedto thesitesin D , is a perfectphylogeny for all thesequencesin
"E��DF	 otherthan � � ��DF	 . This fact is thekey to how we canactuallyfind +F��*F	 knowing only "E��DF	 . SeeFigures6 and7.

a: 00010
b: 10010
c: 00100
d: 10100
e: 01100
f:  01101

M

g: 00101
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1
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P

3
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b: 101
c: 010
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e: 010

g: 010

M(C)

000

001

101

b: 101

a: 001

110

d: 110

010

010

c,e,f,g

f: 010

Q

Figure 6. * is the gall for the connected component D in Figure 2 containing sites 1,3, and 4. The
node labels shown on the gall are the node labels from Figure 2, restricted to the sites in D . The
sequences in " , restricted to the sites in D are also shown. Note that the set of node labels and the
set of sequences in "E��DM	 are identical, which is assured by Corollary 2.1.
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001
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b: 101

a: 001

010
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c,e,f,g

f: 010
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Figure 7. After removal of the recombinant node from gall * of Figure 6, the resulting graph is a
perfect phylogen y for the sequences "E��DF	K���}�/H . Moreover, the mutations on the perfect phylogen y
are organized into two paths, and the removed sequence 110 can be created by recombining the two
sequences at the ends of those two paths, using the recombination point 3 determined earlier from
D , as shown in Figure 6.

Hence,we have

Theorem 3.2 There is a sequence~ in "E��DM	 , such that after removalof all copiesof ~ , there is a perfectphylogenyfor
theresultingmatrix; thelabelededgesof that perfectphylogenycontainall sitesin D organizedinto oneor two paths;and
the recombinationof the two “end” sequences(from either the root sequenceof the perfectphylogenyand the singleleaf
sequence,or thetwo leaf sequences)at therecombinationpoint � createssequence~ .

Recallthattherecombinationpoint � canbecomputedfrom D , soTheorem3.2suggestsaneffectiveprocedure.However,
since D might containa strict subsetof the sitesin " , the meaningof � hasto adjustedto correctly indicatethe correct
crossover point for thesitesin D . Whenappliedto a subsetof sites D , any index in D which is lessthan � will beto theleft
of therecombination,andany index in D which is equalor largerthan � will beto theright of therecombination.

Now, by Theorem2.1,any matrixwhich hasa perfectphylogeny hasauniqueperfectphylogeny aslongasno orderingis
givento multiple siteson thesameedge.Hence,given " and D , if we couldguess~ , we couldcreatethecorrect,unique,
perfectphylogeny andexactly recreatethearrangementof siteson * asgivenin + .

However, sincewe do not know ~ , if we remove from "E��DF	 all copiesof a differentsequence� , andyet thereis
a (unique)perfectphylogeny for the resultingmatrix, whereall the sitesin D arecontainedin oneor two paths,andthe
recombinationof thetwo endsequencesatpoint � creates� , thenthisnew perfectphylogeny canalsobeusedto arrangethe
siteon * . To seethis,notethatthenodelabelsonbotharrangementsareexactly thesame:restrictedto D , botharrangements
label thenodeswith thesequencesin "E��DM	 , andonly sitesin D appearon * . Thestateof eachsitenot in D is identicalat
every nodeon * . Hence,thetwo arrangementsof siteson D inducea permutationof thenodeson * andof theedgesout
of * , but areindistinguishableoutsideof * . Note thatin all arrangementson * , thesequencelabelingthecoalescentnode
containsonly zerosat thesitesin D . For example,removal of sequence� insteadof � from "E��DF	 in Figure6 leavesasetof
sequenceswith theperfectphylogeny shown in Figure8, andthearrangementof gall * shown in Figure9.

Hence,all arrangementsof thesitesin D on a gall * canbefoundby thefollowing algorithm:

Site-ArrangementAlgorithm
0) Determinetherecombinationpoint � from D .
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Figure 8. The perfect phylogen y for "E��DF	K�o� .
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Figure 9. The arrangement of gall * derived from the perfect phylogen y for "E��DF	K��� .
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1) Let "E��DF	 bematrix " restrictedto thesitesin D .
2) For eachdistinctsequence~ in "E��DF	 do:
3) Let "E��DF�`~<	 be "E��DM	 after the removal of all rows with sequence~ . Checkif thereis a perfectphylogeny for

"E��DF�`~g	 , andif so, checkif all siteson D arecontainedin oneor two pathswhoseendsequencescanbe recombinedat
point � to create~ .

If theansweris “yes”, thenoutputanarrangementof thesiteson * consistentwith this perfectphylogeny.

Specializingto galled-trees,we have established,

Theorem 3.3 Assumingthat there is a galled-treefor " , every arrangementof the sitesin D on * that is usedin some
galled-treefor " , canbefoundasabove. Thesetof sequenceslabelingnodesof * , restrictedto D , is invariantoverall the
arrangements,andall thegalled-treesfor " .

Time Analysis: Given thematrix "E��DM�^~g	 with � rows andat most � D!� columns,theperfectphylogeny algorithmsin
[3, 4] candetermineif thereis aperfectphylogeny for "E��DF�`~g	 , andconstructit, in $(���P� D
� 	 time. So,all thearrangements
of * that areusedin any galled-treefor " canbe found in $(���&y}� D!� 	 time, andover all the galls, the time to find all the
arrangementsthat appearon any galled-treeis $(���&y��
	 . It wasestablishedin [21] that � canbe at most 45� if thereis a
galled-treefor " , sothetotal time is $%���.2/	 .

By a moredetailedanalysisof how thesiteson a gall canbearranged,we have developedanalternativealgorithm[8] for
arrangingthesitesona gall, whoserunningtime is only $(���&yh	 .

We have claimedthat the galled-treefor " is “essentially-unique”.The one-onecorrespondencebetweenconnected-
componentsandgallsestablishesthefirst partof thatclaim. We now show thatthenumberof arrangementsof thesiteson a
gall is very limited, furtherestablishingthe“essential-uniqueness”.

Theorem 3.4 Let D bea non-trivial connectedcomponentof theconflictgraphwhosesitescanbearrangedon a gall * in
somephylogeneticnetworkfor input " . Thesitesin D canbearrangedon * in at mostthreedistinctways,as long asno
orderingis givento multiplesitesonthesameedge.

Proof We have alreadyestablishedthateachdistinctarrangementof siteson * is associatedwith onedistinctsequence
~ in "E��DF	 , with thepropertythatwhenall copiesof ~ areremovedfrom "E��DF	 , theremainingsequencesin "E��DM	 canbe
derivedon a perfectphylogeny. Moreover, whenno orderingis givento multiple siteson edges,a sequence~ is associated
with at mostonearrangementof siteson * . Hence,whenall copiesof ~ areremoved from "E��DF	 , all conflictsbetween
pairs in D arebroken,andwe canboundthe numberof distinct arrangementsof siteson * by boundingthe numberof
distinctsequencesin "E��DF	 whoseremoval (of all identicalcopies)breaksall conflictsin D .

Let �`�_7 be a conflictingpair of columnsin D . In orderfor the removal of ~ to breakthe �`�_7 conflict, the row for ~ in
"E��DF	 mustcontainoneof thethreestate-pairs0,1or 1,0or 1,1 in columns�`�a7 , andno otherrow in "E��DF	 cancontainthat
state-pairin columns�`�a7 . It followsthattherecanbeatmostthreerows in "E��DF	 whoseremoval canbreakthe �`�a7 conflict,
andhencetherecanbeat mostthreedistinctarrangementsof thesitesin D on * . B

We next show that D can actually be arrangedon * in threeways, only when D has two sites,as in Theorem2.2.
Otherwise,* canonly be arrangedin two ways,andtypically will only have onearrangement.For simplicity, we assume
thatall but onecopyof any duplicaterow hasbeendeleted.Theseresultsareobtainedusingthefollowing

Lemma 3.2 Let D bea connectedcomponentin theconflictgraphwith at leastthreesites�^�_75�a7C: , where � conflictswith both
7 and 7C: . Supposethesitesin D canbearrangedon a gall * in a phylogeneticnetworkfor the input. If ~!� is a sequence
whoseremovalbreaksall theconflictsin "E��DF	 , andthe �`�a7 state-pairfor ~!� is 0,1, thenthere is only oneway to arrange
thesitesof D on * .

Proof First, the �`�a7C: state-pairmustalsobe 0,1 for otherwiseit would be 0,0 andthe removal of a 0,0 pair would not
breakthe �^�_7@: conflict in "E��DF	 . Now suppose~ y is anothersequencewhoseremoval breaksall conflicts. The valueof
entry �n~ y � ��	 mustbe 1, sinceif it were0, then the �^�_7 state-pairfor ~ y would eitherbe 0,1 or 0,0. The first possibility
would contradictthe assumptionthat removing ~
� breaksthe �^�_7 conflict, andthe secondpossibility would contradictthe
assumptionthatremoving ~ y breaksthe �`�_7 conflict. Solet �5���K� A denotethe �^�_75�a7C: state-triplefor ~ y . Since � and 7 arein
conflict, theremustalsobe anotherrow ~ 2 whose�^�_7 state-pairis �}�C�� , where �� is �(���t�!���(4 . Also, the �`�a7C: state-pair
mustbe �5�}�A , sinceotherwiseit wouldbe �5��A , andthentheremoval of ~ y wouldnot breakthe �`�a7C: conflict.
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If � S A , thencolumns7 and 7 : areidenticalin rows ~!�@�`~ y and ~ 2 . Any otherrow � musthave the 75�a7 : state-pairof
0,0or ��&�}�A . To seethis,considerthestateof � in row � . When � is 0, the 75�a7C: state-pairmustbe0,0for otherwiseeither �`�a7 or
�^�_7@: will be0,1andtheremoval of ~ � would notbreakall theconflicts.When � is 1 in � , the 75�a7C: state-pairmustbe ��q�d�A or
elseoneof the �^�_7 and �^�_7C: state-pairsin � wouldbeidenticalto thecorrespondingpair in ~ y , andtheremoval of ~ y would
not breakall conflicts.Sowhen � S A , columns7 and 7@: areidentical,which contradictstheassumptionthatall columnsin
theinput aredistinct.

But if ��RS A (andhence ���RS �A ), thenthe 75�_7@: columnswould have all threepairs1,1; 0,1;and1,0andsobe in conflict.
That is a contradiction,because7 and 7@: areboth in conflict with � , andhencemustbe on the samesideof the (bipartite)
conflict graph.

Theconclusionis that if � is in conflict with two columns7 and 7@: , andif ~!� is a sequencewhoseremoval breaksall the
conflictsin "E��DF	 , andthe �^�_7 state-pairfor ~!� is 0,1, then ~
� is theonly sequencewhoseremoval breaksall conflictsin
"E��DF	 , andhencethearrangementof D on * is unique. B
Theorem 3.5 Let D bea connectedcomponentof theconflictgraphwhosesitescanbearrangedon a gall * in a phyloge-
neticnetworkfor theinput. If D hasat leastthreesites,thenthesitescanbearrangedon * in at mosttwodistinctways,and
if D hasat leasttwo siteson each sideof bipartitegraph(i.e., on each sideof therecombinationpoint for D ), thenthesites
canbearrangedon * in only oneway.

Proof Whenthereareat leastthreesitesin D , theremustbeat leasttwo siteson onesideof thebipartitegraph D , and
since D is connected,theremustbe at leastonesite,call it � that is connectedto two distinctsites 7 and 7C: . Supposethere
arethreedistinctsequences(rows) ~ � �^~ y and ~ 2 in "E��DF	 , suchthat theremoval of any of thesesequencesbreaksall the
conflictsin "E��DF	 . Thenoneof thosethreerowsmustcontainthepair H=�h� for columns�`�_7 . Applying Lemma3.2leadsto a
contradiction,sowhen D hasat leastthreesites,therecanbeatmosttwo arrangementsof thesitesof D on * .

Now assumethateachsideof thebipartitegraph D hasat leasttwo sites,andsupposetherearetwo waysto arrangethe
sitesof D on * . Hencetherearetwo rows ~!� and ~ y whoseremoval breaksall conflictsin "E��DF	 . Since D is connected,
theremustbeanedge���`�_7d	 suchthat � is alsoadjacentto a node7@:PRS 7 , and 7 is adjacentto a node �W:PRS � . Applying Lemma
3.2 to the �^�_7 pair, the �`�a7 state-paircannotbe 0,1 (andit can’t be 0,0) in eitherrow ~
� or ~ y . Further, the �^�_7 state-pair
cannotbethesamein ~
� and ~ y . So in oneof thosetwo rows, the �`�a7 state-pairmustbe1,0. But node 7 is alsoadjacent
to node �n: , so(afterrelabeling)we canapplyLemma3.2to obtainacontradictionto theassumptionthattheremoval of both
~
� and ~ y breakall conflicts. B

Hence,exceptin degeneratecases,thereis auniquepermittedarrangementof theconflictedsitesonagall, andotherwise,
all thearrangementscanbecompactlyrepresentedandeasilygenerated.

For example,in Figures2 and9, we showed two arrangementsof the sitesin the connectedcomponentD containing� �5��j=�`�=� . Thesetwo arrangementswereassociatedwith rows � and � in "E��DF	 . However, thereis nootherrow of "E��DM	 that
canbedeletedto breakall theconflictsin D .

4 Connectingthe galls in a galled-tree

Now we explainhow to connectthegallstogetherinto a singlegalled-tree.Let + beaparticulargalled-treefor " andlet
* and * : betwo gallsin + . Gall * is an“ancestor”of agall * : in + if thereis a directedpathin + from somenodeon * to
thecoalescentnodeof *�: . If neithergall is anancestorof theother, thenwesaythatthey are“incomparable”.Thealgorithm
to connectthegallswill first deducetheancestryrelationsbetweenpairsof galls. We will seethat theancestryrelationsare
invariantover all thegalled-treesfor " .

Since+ is aparticulargalled-treefor " , thearrangementof siteson * and *�: is determined.In thatarrangement,let �h�
and �C� bethefirst siteson the � and � sidesrespectively on * . Define �>:� and �>:� similarly for *�: . Assume,without lossof
generality, that � � and �=:� exist. Theanalysisis symmetricfor theotherthreecombinations,oneof which mustexist. Also,
let �`�a7 bea pairof siteson * thatconflictwith eachother. Notethatat therecombinationnodefor * , thestateof at leastone
of � or 7 is setto 1, say � . Notethat � mightbe � � or � � . Similarly, thereis asite �n: thathasstate1 at therecombinationnode
for *�: .

Now let �O: be any row of " with a 1 in column �>:� (theremustbe onesince �=:� is involved in a conflict). If * is an
ancestorof *�: then �e: musthave a 1 in at leastoneof thecolumnsfor �C� , �h� or � . Similarly, let � beany row of " with a
1 in column �C� . If *�: is anancestorof * then � musthave a 1 in at leastoneof thecolumnsfor �>:� ���=:� or �n: . So * and *�:
areincomparableif andonly if neitherof theseconditionshold for rows �O: and � .
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With theproperdatastructurefor " , andaftersimple $(���&�
	 -time preprocessingof " , rows � : and � canbefoundin
constanttime, andin constanttime we cancheckthose(up to six) entriesin rows �O: and � . So in constanttime, we can
determinewhether* and *�: areincomparableor not. If comparable,thenwe have founda row which hasa 1 in a column 8
for asitethatappearson * anda 1 in a column 8h: for asitethatappearson *�: . Thatmeansthatthereis a pathfrom theroot
of + thatpassesthroughboththeedgeswheresites 8 and 8h: mutate.Weclaim that * is anancestorof *�: if andonly if site 8
hasstrictly more1’s in its columnthandoescolumn 8h: . To seethis,notefirst thatby Lemma2.1,site 8 appearsbefore 8h: on
thepathif andonly if site 8 hasa 1 in every row wheresite 8h: hasa 1. Moreover, for any conflictedsiteon a gall, theremust
beat leasttwo nodeson thatgall wherethatsitehasstate1, soa tie for thelargestnumberof 1’s in columns8 and 8h: is not
possible.Hence,

Theorem 4.1 After $%���&�
	 preprocessingtime, we can determineif * and *�: are comparable in constanttime, and if
comparable,determinewhich is theancestorof theother. There are at most $(���
	 S $(���&	 galls [21], sooverall thepairs
of galls,wecandetermineall theancestryrelationsin $(���&���Q�&y�	 S $(���&y�	 time.

A gall * is calledthe“immediateancestor”of agall *�: in + if * is anancestorof *�: andnodescendentof * is anancestor
of *�: . Every gall in + thathasanancestorin + , hasa uniqueimmediateancestor, andtheancestorrelationcomputedabove
is thetransitiveclosureof theimmediate-ancestorrelation.Hence,givena fixedarrangementof thesitesoneachgall, to find
the immediate-ancestor(if any) of eachgall, we find the transitive-reductionof the ancestorrelation. This canbe donein
$(��� y 	 time(whichis fasterthanfor generaltransitive-reduction)becausethetransitivereductionis atreein thiscase,soeach
gall hasa uniqueimmediateancestor. Oneapproachthenis to sortthegallsby thenumberof ancestorsthey have. Thenthe
gall *�: with thelargestnumberof ancestorsis a“leaf gall” in thetransitivereduction,andweidentify its immediateancestor
astheancestorof *�: which hasexactly onefewer ancestorsthandoes*�: .

This identifiesfor eachgall *�: , its immediateancestor* in + , or determinesthat *�: hasno ancestor. Sincewe are
ignoringunconflictedsites,every siteappearson somegall, soin + a gall is connectedto its immediateancestorby a single
edge(ratherthanapath).If * is theimmediateancestorof *�: , we next wantto determinethespecificnode,call it 
>��*(��*�:W	 ,
on * which is connectedby a singleedgeto thecoalescentnodeof *�: in + .

Let �`�a7 beaconflictingpairon * andlet � beasequencein " with a1 for �>:� or �=:� . Weclaimthatthe �^�_7 state-pair(0,1;
1,0;or 1,1)at therecombinationnode � of * is foundatno othernodeon * . Thiswasnotedaftertheproofof Theorem2.2,
andfollowsfrom thedetailsof thatproof. Hence
>��*(��*�:�	 is node � if andonly if � hasthesame�`�a7 state-pairthatis found
at � . If thatdeterminationfindsthat 
=��*(��*�:�	 is not � , then � musthave a1 for exactly oneof �h� or �C� , which identifiesthe
sideof * that 
=��*(� *�:�	 is on. We thenwalk from thecoalescentnodeof * alongthatsideuntil eitherencounteringtheedge
� into therecombinationnode,or encounteringthefirst edge� containingasite � suchthat � hasstate0 for � . Node 
=��*(� *�:�	
is thenodeat theheadof edge� . Sinceeachof the $%���&	 sitesis on at mostonegall, thetotal time to find all thesenodesis
$(���&	 .
Definition 4.1 Let �+ denotethedigraphdeterminedto this point, i.e., consistingof all thearrangedgalls connectedby the
immediateancestryedges.

Notethat �+ mightbeaforestof galled-trees,ratherthana singlegalled-tree.

Now the above exposition anddeterminationof ancestryrelationswasbasedon assuminga particulararrangementof
siteson eachgall. But from Theorem3.3,differentarrangementsof thesiteson a gall merelypermutethepositionsof the
nodes,andthebranchingedgesattachedto them.Thisclearlydoesnotchangetheancestryandimmediateancestryrelations.
Therefore,we canuseany permittedarrangementof thesiteson thegallsto determine �+ , and

Theorem 4.2 Thedigraph �+ is uniqueup to thedifferentpermittedarrangementsof nodesinsidethegalls.

Theorem4.2is a furtherreflectionof the“essentialuniqueness”of thereducedgalled-treesthatderive " .

Corollary 4.1 Ignoring theissueof howto placetheunconflictedsites,if there are r connectedcomponentsof theconflict
graph,andthesiteson componentDt� canbearrangedin ��� differentways,thenthenumberof reducedgalled-treesfor "
is exactly � � �.�� �K� ��� , where ��� ] j .

Wewill show in thenext sectionthatunconflictedsitesneednot beon any galls,soalgorithmically, Theorem4.2implies
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Corollary 4.2 Giventhegalls, andan arrangementof thesiteson thegalls, �+ canbedeterminedin $(��� y 	 time. Further,
if there is a galled-tree for " , any �+ determinedat this point can be extendedto a galled-tree for " , by placing the
unconflictedsiteson edgesof �+ betweengalls, andpossiblyaddingnew edgescontainingunconflictedsites,or new edges
leadingto leaves.

A verydifferentapproachto connectingthegallsis outlinedin thepowerpointslides[6].

5 Unconflictedsitesneednot beon galls

Sofar, wehave only detailedhow to handleconflictedsites.Now we focuson unconflictedsites.
First, if * is a gall containingonly unconflictedsites,thenthereis a perfectphylogeny for thesiteson * , and * canbe

replacedby thatperfectphylogeny, creatinga phylogeneticnetworkfor " with onefewer gall. Soweconsiderthecasethat
every gall containssomeconflictedsites.

Definition 5.1 Considera gall * with recombinationpoint � , anda particular arrangementof siteson * . We define�G� to
beall thesiteson * with index lessthan � , and ��� to beall thesiteson * with index equalor greaterto � . We define�K  to
betheconflictedsitesin ��� onthe � -sideof * ; �K¡ to betheconflictedsitesin ��� onthe � -sideof * ; �.  to betheconflicted
sitesin �G� on the � -sideof * ; and �.¡ to betheconflictedsitesin ��� on the � -sideof * .

Lemma 5.1 Let � be a phylogeneticnetworkderiving " with a gall * containingno conflictedsiteson its � -side. Then
there is a phylogeneticnetwork �;: deriving " with gall * replacedby gall *�: whose � -side containsno sitesand no
branching nodes.A symmetricresultholdsif the � -sidecontainsno conflictedsites.

Proof Sinceall conflictedsitesareon the � -side, �K  and �q¡ arenon-empty. Moreover, by Theorem2.2 theremustbea
branchingedgebelow thelastconflictedsiteon � .

Let ¢ beanunconflictedsitein ��� onthe � -sideandsupposethereis anothersite £ below ¢ . If £ is in ��� , thentherewould
have to bea branchingnodebetweenthem,in orderfor thecolumnsin " for ¢ and £ to bedifferent. But then ¢ would be
in conflict with any conflictedsite in �   , a contradiction.If £ is in � � , but thereis a branchingnodebelow £ , thenthereis a
branchingnodebelow ¢ andagain ¢ wouldbein conflict with any sitein �   . But if thereis no branchingnodebelow £ , and
sincethevalueof £ is setto 0 at therecombinationnodeof * , thecolumnfor £ mustbeall zeros,a contradiction.Hence,if
the � -sidehasonly unconflictedsitesandcontainsasite ¢ in � � , ¢ mustbethelastsiteon � , andit mustnothaveabranching
nodebelow it on * .

Now, thevalueof site ¢ is 1 at therecombinationnode � of * . If � hasasingleedgeoutof it, we canmove ¢ off of * and
placeit onthatsingleedgeoutof � . If � hasmorethanoneedgeoutof it, wecreatea new, singleedge� outof � attachedto
all theedgesthathadpreviously beenout of � . We thenmove ¢ to � , creatinga modifiedphylogeneticnetworkthatderives
" .

After theremoval of site ¢ from * , theonly remainingsites(if any) on the � -sideof * arein � � . If therearenone,then
thetransformationis complete.Otherwise,all of thosesiteshave value0 at therecombinationnode � , sothesequencelabel
at � is maintainedeven if we remove all thosesitesfrom * . But we needto maintainthesequencelabelof any branching
node 
 on the � -side,andthesubgraphbranchingoff of * at 
 . Hence,wecanmodify * asfollows: remove theedgeinto �
onthe � -side,andadda new edgedirectly from thecoalescentnode ) of * to node� . Theresultis amodifiedphylogenetic
networkwhich derives " , wherethe � -sideof themodifiedgall * hasno sitesandno nodes.B

In thetransformationabove, thepartof theold � -sideof * thatcontainsall thesitesandnodes,is now a pathbranching
from thecoalescentnode ) . For themodificationsof * usedto prove thenext theorem,it is usefulto maintaintheassertion
thatthereis no edgebranchingoff * at ) . Sowe furthermodify * asfollows. Let � S ��)O:a� )�	 betheedgeinto ) . Expand
� into two edges��)O:a� )e:¤:¥	 and ��)O:¤:���)�	 by insertinga new node )O:¤: on � , below any sitesthatareon � . This createsa new
edgeinto ) with no sites.Thendisconnectany branchingedgeout of ) andreconnectit to )e:¤: . Theresultingphylogenetic
networkclearlyderivesexactly thesamesequencesasbefore.

Theorem 5.1 Let � bea phylogeneticnetworkderiving " with a gall that containsbothunconflictedandconflictedsites.
Thenthere is alsoa phylogeneticnetwork �;: with thesamenumberof galls as � , where each gall only containsconflicted
sites.
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Proof We considera singlegall * , andexaminethe � -sideof * in detail. Theargumentfor the � -sideis symmetric.If
the � -sideonly containsunconflictedsites,thentheseareremoved usingLemma5.1. So assumethat the � -sidecontains
bothconflictedandunconflictedsites.

Let 
 bethelastbranchingnodeon the � -sideof * . By Theorem2.2,any sitesbelow 
 mustbeunconflicted.Therecan
beno sitesin � � below 
 , for any suchsitewouldhave anall-0 columnin " , a contradiction.Any sitesin � � below 
 have
value1 at therecombinationnode� andcanbemovedto theedgeoutof � , asin theproofof Lemma5.1.Hence,weassume
thatall siteson � areabove node 
 , andsothereis a branchingedgebelow every siteon the � -sideof * .

If thereareno additionalunconflictedsiteson the � -sideof * , thenthe transformationis complete.Otherwise,let 9 be
an unconflictedsite in ��� on the � -sideof * . If thereis any site 8 in �.¡ , thenby Theorem2.2 9 and 8 would conflict, a
contradiction.So,if thereis anunconflictedsitein ��� onthe � -side,thentherecanbenositein �.¡ , andhencenositein �. 
(recallthatby definition,suchsitesareconflicted),andsotheremustnot beany conflictedsiteson the � -sideof * . But then
by Lemma5.1,all theunconflictedsitesandbranchingedgescanbemovedoff of * , andwe assumethathasbeendone.

Now consider9V¦ , thehighestunconflictedsite in ��� on the � -side. Therecannotbe a conflictedsite � in �K  above 9.¦ ,
sinceby Theorem2.2, � wouldhave to bein conflict with asite 7Y§<�K¡ above � with abranchingnodebetween7 and � . That
wouldcreatetheconditionsfor 9V¦ and 7 to bein conflict,a contradiction.So 9.¦ mustbeabove all sitesin �q  .

Similarly, if thereis any site 7 in ��� above 9V¦ , then therecanbe no branchingnodebetweenit and 9V¦ . This follows
becausethereis abranchingedgebelow 9 ¦ , soby Theorem2.2,sites7 and9 ¦ wouldbein conflict,a contradiction.Sothere
canbe no branchingnodesabove 9.¦ andno branchingnode(or sites)on the � -sideof * . Therefore,we canmove 9.¦ to
theedge� enteringthecoalescentnodeof * , creatinga modifiedphylogeneticnetwork �;: thederives " andcontainsone
fewer unconflictedsites.

If thereis a branchingnode 
 on the � -sideof * with no sitesabove 
 on * , thenwe furthermodify �;: to preparefor
additionalsite removals. Let � S ��)O:a� )�	 be theedgeinto the coalescentnode ) . Expand � into two edges��)O:a� )e:¤:¥	 and
��)O:¤:�� )�	 by insertinga new node )e:¤: on � , below any sitesthatareon � . Thendisconnectany branchingedgesout of 
 and
reconnecttheseedgesto )O:¤: .

Iteratingasabove, we canremove all unconflictedsitesin ��� on the � -sideof * . We let *�: denotetheresultinggall at
thispoint,andnow discusshow to handleany unconflictedsitesin ��� on the � -sideof *�: .

We maketwo observations.First, theonly sitesin ��� on the � -sideof *�: areconflictedsites,i.e., in �K  . Second,every
unconflictedsite 9 in � � mustbebelow everysite 7 in � ¡ . To seethis,notethat 7 mustbein conflictwith asite ��§g�   below
7 on the � -sideof *�: , so theremustbea branchingnodebetween7 and � , anda branchingedgebelow � . Henceif 9 were
above 7 , theconditionswould besatisfiedfor 9 to conflict with � , a contradiction.Soeitherall theunconflictedsiteson the
� -sideof *�: aretogetherat thebottomof the � -sideof *�: , just above thelastbranchingnode 
 , or thereis anunconflicted
site 9 in � � above a conflictedsite � in �   .

In the later case,we transform * : to conformto the former case,as follows. Assumethat 9 is the first (topmost)un-
conflictedsite in ��� on the � -side,and � is the lastsite in �K  . Therecannotbe a branchingnodebetween9 and � , or else
they would conflict. However, if 9 is not immediatelyabove � , considera site 8 between9 and � . If 8 is in ��� , therewould
have to be a branchingnodebetween9 and 8 or they would have identicalcolumnsin " . If 8 is in �K  , therewould have
to be a branchingnodebetween8 and � or elsethey would have identicalcolumnsin " . Henceif thereis anunconflicted
site 9¨§o��� above a site in �t§L�q  , thereonly beonesuchpair, andthetwo sitesmustbeadjacentwith no branchingnode
betweenthem. But then,we canflip thepositionsof 9 and � andstill have a phylogeneticnetworkthatderives " . At that
point,all theunconflictedsitesin ��� aretogetherat thebottomof the � -sideof *�: , just above thelastbranchingnode 
 .

Let r bethesite(if any) justabovethefirst unconflictedsite 9 in ��� on the � -sideof *�: . If thereis a nodebetweenr and
9 , call it 
d: , andotherwisecreatea node 
d: betweensites r and 9 . If thereis no site r above 9 , thenset 
C: to thecoalescent
node ) of *�: . Thenremove theedgeinto � from node 
 , andcreateanedgefrom 
C: to � containingno sites.Theresultis
a phylogeneticnetworkthatderives " wheregall * hasbeentransformedto a gall *�: thathasonly conflictedsites,andall
othergallsremainunchanged.

Thetheoremis provenby repeatingthis transformationfor every gall containingunconflictedsites. B
Corollary 5.1 If there is a galled-treefor " , thenthere is a reducedgalled-treefor " . Moreover, thenumberof recombi-
nationsusedby anyreducedgalled-treefor " is thenumberof non-trivial connectedcomponentsin theconflictgraph,and
this is theminimumnumberof recombinationspossibleoverall galled-treesfor " .

Wewill latershow thatany reducedgalled-treefor " usesexactly �(' recombinations.
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6 Adding the leaf sequencesand the unconflicted sites

We assumethereis a galled-tree+ thatderives " . To finish constructinga galled-treefor " from �+ , we mustextend �+
by addingin any unconflictedsites,andplacethesequencesof " at specificleaves,possiblyaddingadditionaltreeedges
outsideof any galls.We do this in threemainphases.

6.1 Phase1

Let � bea sequencethathasstate1 for a conflictedsite � . Thenin any galled-tree+ for " , theleaf labeledwith � must
bebelow thegall containing� . Conversely, any sequencelabelinga leaf in + below a gall, musthave a 1 for at leastonesite
on thatgall (recall that thereis no branchingoff thegall from thecoalescentnode).Therefore,we candivide thesequences
into thosethathave at leastone1 for a conflictedsite, andthosethatdon’t. Thesequencesin the secondset(if any) must
be derivableon a uniqueperfectphylogeny © that mustbe the “upper part” of any galled-treefor " . This follows from
Theorem2.1. If thesecondsetis empty, thenconsider© to bea singlenode,which will betheroot nodeof any galled-tree
for " .

We canefficiently construct© , andthen(assumingthereis a galled-treefor " ) determinewhereeachgall in �+ resides
relative to © . For example,let * bea “maximal” gall (onewith no ancestor)in �+ , let � beeitherthefirst siteon the � -side
or the � -sideof * , andlet � bea sequencewhich hasstate1 for site � . Thenwalk alonga uniquepathfrom theroot of ©
following edgeslabeledwith siteswhich have state1 in � . If thatwalk endsatnode 
 (eithera leaf in © or � hasstate0 for
every siteon theedgesout of 
 ), thengall * mustbea descendantof 
 in galled-tree+ . Sothesub-galled-treerootedat *
hangsoff of © atnode 
 . We modify �+ by finding theattachmentnode 
 on © for eachmaximalgall * , andconnectingthe
coalescentnodeof * to 
 . �+ now is a singlegalled-treeratherthana forest,since © is a singletree.Moreover, �+ correctly
derivesthesequencesin " , restrictedto theconflictedsitesandthesitesin © . Notethat in thefull galled-tree+ for " , *
mightcontinueto beconnectedto 
 by a singleedge,or maybeconnectedby a pathof unconflictedsitesthatwill beadded
in later, asdetailedbelow.

6.2 Phase2

Let � bea sequencewhich hasstate1 for at leastoneconflictedsite,andhencetheleaf for � in + mustbea descendant
of somegall in + . Let "f: denotethesetof suchsequences.For eachsuchsequence� in "f: , we will find thenode 
Cª in �+
suchthatin any galled-treefor " , 
Cª is thelastnodein �+ on thepathfrom theroot to leaf � .

To do this, we do a bottomup traversalof �+ , only traversinga gall aftertraversingall its descendents.At thestartof the
bottomup traversal,all sequencesin "f: areunmarked.Let �^�_7 bea conflictingpair thatappearson a gall * . We traverse
gall * asfollows. Declarethe recombinationnode � to benode 
 ª for every unmarkedsequence� in "f: which hassame
�^�_7 state-pairasdoesnode � ; markevery suchsequence� . Thendoa bottom-uptraversalof onesideof * , andfor eachsite
9 encountered(just above a node 
 ), declarenode 
 to be 
 ª for eachunmarkedsequence� in "f: which hasstate1 for site
9 ; again,markevery suchsequence.Thendo a bottom-uptraversalof theothersideof * in a similar manner. Thetraversal
over �+ takes$(��� y 	 time andfinds the node 
 ª for eachsequence� in " : . We modify �+ by extendingan edgefrom 
 ª
to a leaf labeled� , for eachsequence� in "f: . This placesall the leavesfor thesequencesin " eitherin © , or at a leaf
connectedby anedgeto a nodein �+ . Notethat 
 ª will not bea coalescentnodefor any gall.

For expositionpurposes,we furthermodify �+ asfollows.For a node 
 on a gall * , let « bethesetof nodesoff of * that
arechildrenof 
 . If �¬«­��Xm� , createanew edgefrom 
 to anew node 
d: , andconnect
C: to everynodein « . Theeffect is that
every node 
 on agall will have only oneedgebranchingoff thegall from 
 . Notethat 
 canbea recombinationnode.

Next, with anotherbottom-uptraversal(or folded into theprevious traversal),label eachedge � with (the index of) one
sequence,call it �F���/	 , suchthattheleaf for � is below � . In casethereis morethanoneto choosefrom, choosearbitrarily.

6.3 Phase3

Now weturn to theissueof addingin theremainingunconflictedsites.
Sitesthatarepartof © needno furtherattention.For any otherunconflictedsite � , do the following: Find a sequence�

in "f: which hasa 1 for site � , andstarta walk on a pathfrom theleaf in �+ labeledwith � towardstheroot of �+ . We know
thatsite � mustbeplacedsomewherealongthatpath,althoughwe mayneedto createanew edgethatit will label.Themain
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ideais to move up alongan edgeon thatpathoncewe have determinedthat � mustbe above thecurrentedgein the walk.
Otherwise,� mustbeplacedon thecurrentedge. However therearesomesubtledetails.

Duringthewalk for � , let 
 beanodeenteredalonganedge� . Therearefour cases:1) 
 is anodein theperfectphylogeny
© ; or 2) 
 is is a recombinationnodeof a gall * ; or 3) 
 is on agall * , but is not therecombinationnodeof * ; or 4) 
 is not
on © andnot on any gall.

In case1) site � mustbeplacedon edge� . Wewill only bein thiscaseif we have alreadydeterminedthatall sequencesat
leavesbelow � have state1 for site � . However, site � cannotbeplacedhigher, for thentherewouldbeasequenceata leaf in
© with a 1 for site � , andhence� wouldalreadyhave beenplacedin © .

Cases2) and3) aresimilar. In eithercase� shouldbeplacedon edge� , or � shouldbeplacedsomewhereon thepathfrom
therootof �+ to thecoalescentnodeof * (weknow weneednotplace � on any edgein * ). To determinewhich is theproper
placementin case2), let 9 bea branchingnodeon * (theremustbeonesince * hassomeconflictingsites)andlet ��: bea
branchingedgeoff of * at 9 . To determinetheproperplacementin case3) let ��: be theedgeon * just below 
 . Thenin
eithercase2) or 3), site � shouldbeon edge� if andonly if thesequence�M����:�	 hasstate0 for site � . When �M����:®	 hasstate1
for site � , thewalk jumpsto thecoalescentnodeof * andresumesfrom thatpoint.

In case4) (i.e, when 
 is not on a gall or on © ), examinethesequence�M����:W	 for each edge ��: out of 
 otherthan � . If
noneof thesesequencehave a 1 for site � , thenplacesite � on edge� . If every oneof thesequenceshave a 1 for site � , then
continuetheupwardwalk from 
 . If someof thesequenceshave a 1 for site � , andsomedo not, let 9 betheparentnodeof 

on �+ . Createanew node9=: andanew directededge�¥9K��9>:�	 . Thendisconnectfrom 
 everyedge��: whosesequence�F����:W	 has
a 0 for site � , andreconnect��: to node9>: . Thenplacethesite � on the �¥9q��
5	 edge. �+ againdenotesthemodifiedgalled-tree.

Thecorrectnessof algorithmfollows from Corollary4.2andTheorem5.1andtheobservationthatall decisionsmadeby
thealgorithmareforcedif no unconflictedsitesareto beplacedongalls.Thetime for placingtheunconflictedsitesis $%���&	
persite,so $(���&y�	 overall.

7 Time bound and Corr ectness

All of theresultsgivenabove assumetheexistenceof a galled-treefor the input " . Theseresultsimply thecorrectness
of thealgorithmderivedfrom them,whenthereis a galled-treefor " . Whenthereisn’t one,thealgorithmeitherwill notbe
ableto executearequiredstep,or it will run to completionproducingsomegalled-tree.At termination,thealgorithmchecks
whetheror not thegalled-treeit produceddoesderive " andthateachsiteis ononly oneedge.If not, it correctlyreportsthat
thereis no galled-treefor " . Notethatthealgorithmproducesareducedgalled-treesinceeachgall only containsconflicted
sites.

Theoverall timeboundfor thealgorithmis $(���&�¨�(�.2/	 . If �0X\45� , thenwefirst find andremoveall duplicatecolumnsin
$(���&�!	 timeusingradixsort(consideringeachcolumnto bea binarynumber).If thenumberof remainingcolumnsis more
than 45� then " hasno galledtree[21]. Next we build theconflict graphin $(���.2@	 time andfind thenon-trivial connected
components.Thetime to arrangeall of thegallswasshown to be $(���.2/	 , but thatcanbereducedto $%���&y�	 time[8]. All other
stepsrequire $(���&y/	 time.

8 Optimality: Every reducedgalled-treeusesexactly ¯Q° recombinations

Let " be a setof sequencesthat arederivableon a galled-tree,andsupposetheconflict graphfor " has r non-trivial
connectedcomponents.Recall that �(' is the minimum numberof recombinationsneededin any phylogeneticnetwork
(with all-0 ancestralsequence)thatderives " . We have alreadyestablished(Corollary5.1) that if thereis a galled-treefor
" , thenthereis a reducedgalled-treefor " , andthat every reducedgalled-treefor " usesexactly r galls andhencer
recombinations.We now prove that � ' S r , i.e., no phylogeneticnetworkfor " usesfewer than r recombinations1. To
prove this, we exploit a (modified)methodfrom Myers andGriffiths [14] that computesa lower boundon the numberof
recombinationsneededby any phylogeneticnetworkfor " . The modificationherespecializestheir algorithmto the case
whentheancestralsequenceis known andassumedto beall-0. Othersmall changesaremadefor simplicity of exposition.
Their methodsuccessively modifiesthe input matrix " , andwe use " to denotethe modifiedmatrix at any point in the
algorithm.Initially " is setto " .

1This claim wasmadefirst in [21], but the proof proposedthereonly relatesto the algorithmin thatpaper, andalsoseemsincompletein that it only
seemsto establishthat (in our language)anygalled-treefor ° needsat least ± recombinations.Thusit doesnot seemto establishthatno phylogenetic
networkcanusefewer recombinations
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TheMyersandGriffiths lower boundmethodusesthreetypesof operationson " : columndeletion,sequencedeletion,
andsequenceremoval. A columndeletionof column � from " is allowedif column � containszeroor one1’s. A sequence
deletionof sequence� from " is allowedif sequence� is identicalto someothersequencein " . A sequenceremoval of
anarbitrarysequence� from " is allowedif neithera columndeletionnor a sequencedeletionis possible.Thedistinction
betweena sequence“deletion” anda sequence“removal” is critical andthewordswill never beusedinterchangeably. (We
coulddefinea fourth permittedoperation,deletingany columnthat containno 0’s. Themethodwould be correctwith this
addedoperation,but it is not needed.)Matrix " is said to be “eliminated” when " is empty. The following algorithm
eliminates" .

Elimination Algorithm

Until ² is eliminated:

1) Successively performsequenceandcolumndeletionoperations
on ² in any orderuntil no furtherdeletions
arepossible.

2) Arbitrarily chooseoneremainingsequence³ in ²
andremove sequence³ from ² .

3) Returnto step1)

Notethat this algorithmis non-deterministicin that it allows choicesin bothsteps1) and2). Hencedifferentexecutions
of thealgorithmcanresultin a differentnumbersequenceremovals,i.e.,differentnumberof timesthatstep2) is performed.
An executionof the Elimination Algorithm is calleda “minimum execution” if it usesthe minimum numberof sequence
removalsover all possibleexecutionsof thealgorithm.We use �µ´ to denotethatminimumnumberof sequenceremovals.

Theorem 8.1 (MyersandGriffiths[14]) � ´¶] � ' , so � ´ is a lower boundon � ' .

Theorem8.1 is actuallya specialization(to the casewhenthe ancestralsequenceis known) of what is proven in [14],
because[14] concernsphylogeneticnetworkswhereno ancestralsequenceis known, and � ' is the minimum over all
phylogeneticnetworkswith theall-0 ancestralsequence.Theorem8.1canbeprovenby inductionon thenumberof distinct
sequencesin " , or by inductionon �(' . Althoughnotstatedin [14], theproofcanbeusedto establishasomewhatstronger
result.

Definition 8.1 Giventwo sequences� and �e: of equallength,say � , a sequence~ of length � is createdat at recombi-
nationnodeby a “multiple-crossoverevent” of � and �e: , if for everyposition r , � ] r ] � , thevalueof sequence~ at
position r is eitherequalto thevalueat position r in � , or to thevalueat position r in �e: . That is, at anyposition r , the
valuein ~ is takeneitherfrom � or from �e: .

A multiple-crossover event generalizesa singlerecombination.In a single recombinationwith recombinationpoint � ,
sequence~ is createdby taking thevaluesfrom onesequence(which we denotedas � ) in positions1 through ���\� , and
thentakingthevaluesfrom theothersequence( � ) in positions� through� . Clearly, for any " , if amultiple-crossoverevent
is permittedat eachrecombinationnode,thenthenumberof recombinationnodesneededto derive " is lessthanor equal
to � ' .

Withoutobservingthis,theproofin [14] actuallyestablishesthat � ´ is alowerboundontheminimumnumberof multiple-
crossover eventsneededto derive " on any phylogeneticnetwork. We usethephrase“generalizedphylogeneticnetwork”
to referto networksthatallow a multiple-crossovereventatany recombinationnode.

When " is smallenough,� ´ canbecomputedby adirectapplicationof its definition,but in general,suchanenumerative
approachto finding a minimumexecutionis impractical.However, themethodcanbeusedasa conceptualdevice, andwe
useit thatway to prove thatany reducedgalled-treefor " usesexactly �%' recombinations.
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8.1 A more graphical view of the Elimination Algorithm

It is usefulto havea graphicalinterpretationof theoperationsin theEliminationAlgorithm. Suchaninterpretationcanbe
developedin general,but we specializeit hereto reducedgalled-trees.As " changesduringthealgorithm,we let + denote
a reducedgalled-treethat derivesthe current " . We also let 6 be the conflict graphrepresentingthe conflicting pairsof
columnsin " . Wemakethefollowing claims:

Lemma 8.1 If there is only a single1 entryin column� in " , thensite � cannotbeon a gall in + .

Proof In a reducedgalled-tree,theonly siteson any gall areconflictedsites.Any conflictedsitemusthave at leasttwo
1’s in its column. B
Lemma 8.2 Whena column � with one1 is deletedfrom " in theEliminationAlgorithm,a reducedgalled-treefor thenew
remainingsequencescanbecreatedby deletingsite � from + , andremovingthe � ’ th character fromeach sequencelabeling
a nodein + . A columndeletionnever resultsin thedeletionof a siteon a gall in + , andit doesnot resultin thedeletionof
an edgein 6 .

Proof Clearlythemodifiedgalled-treederivestheremainingsequences.By Lemma8.1no siteson any gall aredeleted,
andsinceno edgesareremoved,Theorem2.2 implies thatall theconflictingpairsin + continueto conflict in themodified
galledtree,hencenoedgein 6 is affected,andthemodifiedgalled-treeis areducedgalled-tree.B
Definition 8.2 A node 
 is a lowestcommonancestorof two leaves� and � : if 
 is an ancestorof both � and � : , andno
descendantof 
 hasthatproperty.

Notethatin a galled-tree,theremustbea uniquelowestcommonancestorfor any two leaves � and �e: .
Lemma 8.3 If twosequences� and �O: in " are identical,and 
 is their uniquelowestcommonancestor, thennopathfrom

 to theleaf labeled � in a reducedgalled-tree + cancontainanedgewith a siteor anedgeona gall. Thisis symmetrically
true for �O: . Further, thepathfrom 
 to � is unique,asis thepathfrom 
 to �O: .

Proof Supposea pathfrom 
 to � containsanedgeon a gall * andlet � bethe lastsuchedge.If � is not anedgeinto
the recombinationnodeof * , then � containsa site � above a branchingnode,andby Lemma2.1, sequence� will have a
valueof 1 for � . However, no pathfrom 
 to �O: canshareanedgewith a 
 to � pathsince 
 is thelowestcommonancestor
of � and �e: . Sothe 
 to �e: pathwill not contain � andwill have a 0 for � , contradictingtheassumptionthat � and �e: are
identical.If � is anedgeinto therecombinationnode � for * , let �`�a7 beany conflictingpairof siteson * . Since+ is reduced
therewill besucha pair �^�_7 . Now the �`�a7 state-pairat � is foundatnoothernodesof * , andby Lemma2.1, � will have that
state-pair. But no 
 to �O: pathcancontain � since 
 is thelowestcommonancestorof � and �O: , so �O: will not have the �^�_7
statepair at � , againcontradictingtheassumedequalityof � and �O: . Hencethe 
 to � pathcannotuseanedgeon a gall. It
followsthatthepathfrom 
 to � is unique.

Now supposethattheuniquepathfrom 
 to � containsa site � but noedgeonagall. By Theorem2.2, � will have a1 for
� , andsinceno pathfrom 
 to �O: cancontainanedgeof the 
 to � path, �e: will have a 0 for � . This is againa contradiction.
B
Lemma 8.4 Let 
 betheuniquelowestcommonancestorof leaves� and �O: . Whena sequence� is deletedfrom " in the
EliminationAlgorithm,a reducedgalled-treefor theremainingsequencescanbecreatedfrom + in thefollowingway: delete
theleaf � , andthensuccessivelydeleteedgeson the � to 
 (backwards)pathuntil reaching a node 8 which is theancestor
of someremainingleaf in + . No edgein anygall in + will bedeleted,andno edgein 6 will bedeleted.

Proof Thenetworkcreatedby theedgedeletionsin + clearlyderivesall theremainingsequences,sinceanedgeis deleted
only if thereis no remainingleaf reachablefrom it’ send.Node 8 is eithernode 
 or adescendantof node
 , becausetheleaf
labeledby sequence�O: is reachablefrom 
 . So by Lemma8.3,no edgeson any gall aredeleted,andif 
 is not on a gall,
thenno edgesbranchingfrom agall aredeleted,andtheresultinggalled-treeremainsreducedby Theorem2.2.Theedgesin
6 remainunchangedaswell. However, if 
 is a nodeon a gall * and 8 S 
 , then 
 hasat leasttwo edgesbranchingoff of
* (oneon thepathto � anda differentoneon thepathto �O: ). Soevenif theentire 
 to � pathis deleted,every nodeon *
will continueto have anedgebranchingfrom it, soby Theorem2.2all gallscontinueto containthesameconflictedpairsof
sites,andthenew galled-treeis reduced,andno edgesin 6 aredeleted.B
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Lemma 8.5 Whena sequence� is removedfrom " in theEliminationAlgorithm,a galled-treefor theremainingsequences
canbecreatedfrom + by removingleaf � andeveryedge� for which � is theonly leaf below � in + . There is at mostone
gall * in + such that anyof theremovededgesare in * or are incidentwith a nodein * . Edgesin 6 are removedfromat
mostonenon-trivial connectedcomponent.

Proof Anotherway to view the transformationof + is thatwe remove the leaf � , andthensuccessively remove edges
that areancestralto � , following any suchpathbackwards,until eachpathreachesa nodewhich is the ancestorof some
remainingleaf in + . It is againclearthat the resultinggalled-treederivestheremainingsequences,since � is theonly leaf
sequencein + that the removed edgescouldreachvia a directedpath. Any edgethat couldreacha differentleaf sequence
remainsin the galled-tree.Now if the transformationremoves an edge ��¢}�a£ 	 on a gall * in + , then node £ must be the
recombinationnode � of * . Otherwise,£ would be a branchingnodeandtherewould be two disjoint pathsfrom £ to the
leavesof + (oneusingthebranchingedgeoff of * at £ , andusingtheedgebelow £ on * ). Moreover, onesideof * , at least,
musthave a branchingnode(or else + would not be reduced),so if theedgesinto � areremoved,no edgein + above the
coalescentnodeof * canberemoved.Hence,theonly edgeson agall thatcouldbeeliminatedarethetwo edgesenteringits
recombinationnode,andonly edgesfrom onegall canberemovedin thetransformation.Similarly, therecanbeatmostone
gall with a nodeincidentto a branchingedgethatis removed.Sinceonly onegall is affected,only onenon-trivial connected
componentof 6 is affected. B

Thekey point of Lemma8.5 is thata sequenceremoval from " resultsin the removal of edgesfrom 6 in at mostone
non-trivial connectedcomponent.

NotethatLemma8.5doesnotclaimthatthenew galled-treeis areducedgalled-tree.However, weneedto haveareduced
galled-treethat derives the new sequencesin order to be able to continueto apply the Lemmaswhich assumea reduced
galled-tree.But any subsetof asetof sequencesthatcanbederivedon a galled-treecanalsobederivedon agalled-tree,and
we showedabove thatif 6 has r non-trivial connectedcomponents,thentheconflict graphfor theremainingsequenceshas
either r or rM�Z� non-trivial connectedcomponents.Hence,

Lemma 8.6 Let + bea reducedgalled-treewith r gallsfor a setof sequences" . Aftera sequenceremovalin theElimination
Algorithm,there is a reducedgalled-treethatderivestheremainingsequencesusingeither r or rY��� galls.

Theorem 8.2 Let " bea setof sequencesthat canbederivedon a reducedgalled-treeusing r galls. Then ��´O·�r .

Proof Considerany executionof theEliminationAlgorithm. After every stepof thealgorithmwe have a reducedgalled-
tree + that derivesthe currentsetof sequences" , anda conflict graph 6 that representsthe conflicts in " , asdetailed
above. At thestartof theexecution, " is " , + is + , and 6 is 6 . At theendof theexecution " and 6 areempty, and + is
a singlenode.

Lemmas8.2and8.4show thatrow andcolumndeletionoperationsdonot resultin thedeletionof edgesin any non-trivial
connectedcomponentof theconflict graph.Lemma8.5shows thateachsequenceremoval resultsin theremoval of edgesin
atmostonenon-trivial connectedcomponentof theconflictgraph.Hence,theremustbeat least r removal operationsin any
executionof theEliminationAlgorithm, and ��´e·�r . B
Theorem 8.3 When " canbe derivedon a reducedgalled-treeusing r galls, then �µ´ S �%' S r . Moreover, evenif we
allow a multiple-crossovereventat any recombinationnode,there is no phylogeneticnetworkderiving " that usesfewer
than r recombinationnodes.Hence,a reducedgalled-treefor " is optimal in this strongerwayaswell.

Proof ��´ is a lower boundon the numberof neededrecombinations,andevery reducedgalled-treederives " using
only r galls,so ��´ ] r . Togetherwith Theorem8.2, we have �µ´ S r , andso �(' S r S ��´ . As notedearlier, ��´ is a
lowerboundonthenumberof multiple-crossovereventsneededin any generalizedphylogeneticnetworkthatderives " , so
no generalizedphylogeneticnetworkcanusefewer recombinationnodesthandoesa reducedgalled-tree,when " canbe
derivedon a galled-tree.B

It is interestingto notethat the above argumentalsogivesan indirect way to prove that all reducedgalled-treesfor "
have thesamenumberof galls,a fact thatwehave establishedearlier.

It may be easyto misinterpretTheorem8.3. It saysthat if " can be derived on a galled-tree,then no generalized
phylogeneticnetworkcanhave fewer recombinationnodesthandoesa reducedgalled-treefor " . However, thatdoesnot
imply thatmultiple-crossovereventsareneverbetterthansinglerecombinations.It certainlyis possibleto constructexamples
wherethereis no galled-treefor " , anda generalizedphylogeneticnetworkfor " usesfewer recombinationnodesthan
doesany phylogeneticnetwork(i.e.,usingonly singlecrossovers)for " .
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We notealso that whenthe ancestralsequenceneednot be the all-0 sequence,thereareexampleswhereonecanfind
a differentancestralsequencethat allows a galled-treefor " , usingfewer than � ' recombinations.However, it canbe
shown thatthenumberof recombinationsusedis at least� ' �L� . A polynomial-timealgorithmto choosethebestancestral
sequencewill bedescribedin a futurepaper.

9 Duplicate Columns

For simplicity of exposition,wehaveassumedthroughoutthattheinputmatrix " containsnoduplicatecolumnsor rows.
The assumptionof no duplicaterows is without loss of generality, but the assumptionof no duplicatecolumnsis a true
restriction. If � and �n: aretwo identicalconflictedcolumns(sites)in " which arenot adjacentto eachother, it canhappen
thatthereis a galled-treefor " when � (say)is removed,but no galled-treefor thecompleteoriginal " . Thissituationmay
beimportantin applicationsto realdata.However, it is easyto modify thealgorithmto correctlyhandlethis possibility.

Theorem 9.1 Let � bea conflictedsite,andassumethereareduplicatesof column� in thefull input " . Let "�¦ bethematrix
obtainedfrom " be removingall but onecopyof � . Supposethere is a galled-tree + for "�¦ , let * bethegall containing
� , and let u 9b�¸�5��8�v be the recombinationinterval of * . Thenthere is a galled-treefor the full input " , if and only if all
copiesof column � are at sitesstrictly above9 , or all are at sitesstrictly below 8 . That is, if andonly if all thecopiesof �
canbeassignedto thesamesideof somepermittedrecombinationpoint for * . Moreover, if there is a galled-treefor " , it
musthaveall copiesof � togetheron thesameedge,andplacingall thecopieson theedgein + containingthesingle � , is a
permittedarrangement.

WecanapplyTheorem9.1inductively to handlethecaseof severaldistinctcolumnsthathave duplicatecopies.Weleave
theproofof this andof Theorem9.1to thereader.

10 Non-Zero ancestralsequences

For simplicity of exposition,we have assumedthat the ancestralsequenceis the all-zerosequence.That assumptionis
not necessary. What is necessaryis that theancestralsequenceis specifiedat thetime the input matrix " is specified.Let
� representtheancestralsequence.If � is not theall-zerosequencethenfor every site � which hasvalue1 in � , reversethe
valueof every entryin column � in " , andthensolve thegalled-treeproblemwheretheancestralsequenceis assumedto be
theall-zerosequence.If agalled-tree+ is produced,thenchangethevaluebackto 1 for everysitewhosevaluewaschanged,
in every sequencelabelinga nodeof + .

11 Relation to the back-mutation model

Anotherdeviation from theperfectphylogeny modelthatis of interestis to allow a limited numberof back-mutations,but
no recombinations.A back-mutationis a mutationfrom state1 backto state0 thatoccurson anedge,i.e., it is not a change
dueto recombination.

Theorem 11.1 Anysetof sequences" thatcanbederivedona galled-tree,canbederivedona truetree(norecombinations
andhenceno underlyingundirectedcycles)with at mostonemutationandoneback-mutationpersite.

Proof We takea galled-tree+ for " andtransformeachgall * separately, so that no cyclesremain,but all the node
labelsarepreserved. The simplestcaseis that * hasoneside,say � , which hasno mutations(sites). Remove the � -side
(which consistsof justa singleedgeinto � ) from * . Let 9 denotethe � -sideparentof � . Thenfor any site � which hasstate
1 at 9 , but hasstate0 at � , write aback-mutationfor � onthe �¥9q���.	 edge.Hence* nolongeris acycle,but all thenodelabels
on * remainunchanged.The morecomplex caseis thatboth the � and � sideshave at leastonemutation. In this case,
remove thefirst edgeon * outof thecoalescentnode,on eitherthe � or the � -side,saythe � -side,andreversethedirection
of all theremainingedgeson the � -side.Next, for every site � thathasstate1 at 9 but state0 at � , write a back-mutationfor
� on the �¹9q���V	 edge.For every site � thathasstate0 at 9 but state1 at � , write themutation � on edge �¹9q���V	 . Let ¢ denotethe
parentof � on the � -sideof * . For every site � thathasstate1 at ¢ , but state0 at � , write themutation � on the ���K� ¢h	 edge
(which now runsfrom � to ¢ ). For every site � thathasa state1 at � , but state0 at ¢ , write theback-mutationfor � on the
���K� ¢h	 edge.Finally, convert eachoriginal mutationon a remainingedgesof the � -sideto a backmutation.Theresultis that
* is no longera gall, but all thenodelabelsarepreserved.Processingeachgall in thiswaycreatesa truetreethatderives "
usingatmostoneback-mutationpersite.SeeFigure10 for anexample. B
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Figure 10. Gall º is shown on the left and the result of the transf ormation is shown on the right. The
recombination point for º is 3, written above the recombination node . A number written on an edge
is a mutation; a number follo wed by the letter b denotes a back-mutation.

12 Program, Futur e Work and OpenQuestions

Our interestin phylogeneticnetworkswith recombination(andothernon-tree-likeproperties)continuesbeyondthecon-
tentof this paper.

Program Gall.pl Themethodin this paper, combinedwith ideasfrom [8], hasbeenimplementedin a Perlprogramthat
constructsa reducedgalled-treefor input » , or determinesthatno galled-treeis possible.Theprogramwill beavailableat
wwwcsif.cs.ucdavis.edu/˜gusfield/ .

Future Papers: Thekey ideasintroducedin this paperaretheone-onecorrespondenceof connectedcomponentsof the
conflict graphandgalls in a galled-tree,andthefact that thesiteson a connectedcomponent¼ canappearon a gall in any
phylogeneticnetworkonly if ¼ obeys certainstructuralconstraints.More generally, propertiesof phylogeneticnetworks
morecomplex thangalled-treescanalsobe elucidatedthroughstructuralpropertiesof the conflict graph. Someof these
resultsarereportedin [8]. Otherresults,suchaslowerboundsonthenumberof recombinationsrequiredin any phylogenetic
networkfor » (wherethe recombinationcycles can intersectin unconstrainedways),will be detailedin a future paper.
Anotherfuturepaperwill detailapolynomial-timesolutionto theroot-unknowngalled-treeproblem:If noancestralsequence
is known in advance,find (if oneexists) a sequence½ so that thereis a galled-treefor » with ancestralsequence½ , and
if sucha ½ exists, find onewherethe resultinggalled-treeminimizesthe numberof recombinationsover all phylogenetic
networksfor » .

Open questionsTherearemany openquestions.Two importantquestionsarehow to handlemissingdatain » , and
how to solve theperfectphylogeny haplotypingproblem[5] whentheunderlyingsequences(haplotypes)werederivedon a
galled-tree.Thislatterproblemwastheoriginalmotivationfor beginningourstudyof galled-treesandphylogeneticnetworks.
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